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ABSTRACT: We consider compactifications of type I supergravity on manifolds with SU(3)
structure, in the presence of RR fluxes and magnetized D9-branes, and analyze the general-
ized Dirac and Laplace-Beltrami operators associated to the D9-brane worldvolume fields.
These compactifications are T-dual to standard type IIB toroidal orientifolds with NSNS
and RR 3-form fluxes and D3/D7 branes. By using techniques of representation theory
and harmonic analysis, the spectrum of open string wavefunctions can be computed for Lie
groups and their quotients, as we illustrate with explicit twisted tori examples. We find a
correspondence between irreducible unitary representations of the Kaloper-Myers algebra
and families of Kaluza-Klein excitations. We perform the computation of 2- and 3-point
couplings for matter fields in the above flux compactifications, and compare our results
with those of 4d effective supergravity.
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1 Introduction

Realizing that background fluxes have a non-trivial effect on the spectrum of a string
compactification has been an important step towards constructing realistic 4d string vacua.
This is particularly manifest in those vacua that admit a 10d supergravity description,
where compactifications with fluxes [1-3] have been shown to provide a powerful framework
to address moduli stabilization and supersymmetry breaking. Indeed, in the regime of
weak fluxes and constant warp factor, the effect of fluxes on the light string modes can be
summarized by adding a superpotential to the 4d effective theory that arises in the fluxless
limit [4]. This superpotential has then the effect of lifting a non-trivial set of moduli and
producing N' = 0 vacua at tree level [5, 6].

While the above observation has mainly been exploited for the gravity sector of the the-
ory, it is easy to see that it also applies to the gauge sector. In particular, in the context of
type II compactifications with D-branes, it has been shown that fluxes induce supersymmet-
ric and soft term masses on the light open string degrees of freedom of the theory. This can
be seen both from a microscopic [7-9] and from a 4d effective field theory viewpoint [10, 11].
In fact, in this particular case it turns out that the 4d effective sugra approach is somehow
more complete that the higher dimensional results, since it allows to compute soft term
masses for certain open strings modes that the analysis in terms of D-brane actions has yet
not been able to deal with. These modes are nothing but open strings with twisted bound-
ary conditions, and more precisely those arising between two stacks of intersecting and/or
magnetized D-branes. Generically, these open string modes are the ones giving rise to the
chiral content of the 4d effective theory [3, 12]. Hence, analyzing these modes is crucial to
describe the effect of fluxes on the visible sector of a realistic string compactification.

Here we would like to improve the current situation by considering a string theory
limit where the coupling between open string modes and open and closed background
fluxes is well-defined. More precisely, we consider type I supergravity compactifications in
the presence of gauge bundles, torsion and non-trivial RR 3-form fluxes. Due to the closed
string fluxes and the torsion, the internal manifold is not Calabi-Yau, but possesses an
SU(3)-structure. One can then analyze the effect of the closed string background fluxes on
open strings by directly looking at how their presence modifies the 10d equations of motion



for the fluctuations of the gauge sector of the theory. Such modification will affect the
spectrum of open string modes, which in this approach are described as eigenfunctions of the
flux-modified Laplace and Dirac operators. These new open string wavefunctions, together
with the new couplings induced by the background fluxes, will dictate the effect of fluxes
on the 4d effective action upon dimensional reduction of the 10d supergravity background.

Note that this approach of computing explicit wavefunctions and using them in the
dimensional reduction is essentially the one used in [13] to compute Yukawa couplings in
toroidal models with magnetized D9-branes (see also [14-17]). In this sense, this work can
be seen as an extension of [13] to compactifications with non-vanishing closed string fluxes.
Moreover, here we will analyze the full spectrum of Kaluza-Klein modes, which in fact can
also be seen as open strings with twisted boundary conditions.! Finally note that, unlike
in the fluxless case, the CFT techniques of [18-23] can no longer be used and supergravity
is the only available tool.

As pointed out in the literature, dimensional reduction in a fluxed closed string back-
ground presents several subtleties that need to be addressed. In fact, a concrete prescription
for performing a consistent 4d truncation of the theory in twisted tori (and more generi-

2 The common practice is then to use

cal, in manifolds with SU(3) structure) is missing.
instead the harmonic expansion of a standard torsionless manifold. This indeed produces
the right results for the light modes in the 4d supergravity regime. Here we will follow
an alternative, more controlled strategy and use techniques of non-commutative harmonic
analysis to explicitly solve for the spectrum of eigenmodes of the flux-modified Dirac and
Laplace operators. In this way, we perform the computation of wavefunctions for massless
and massive Kaluza-Klein modes of vector bosons, scalars, fermions and matter fields for
magnetized D-branes in simple type I flux compactifications. Interestingly, we find that
the resulting spectrum can be classified in terms of irreducible unitary representations of
the Kaloper-Myers gauge algebra [27].

The computation of the above wavefunctions carries a lot of information, that can be
used for several phenomenological applications. First, by means of this formalism we can
show explicitly that some wavefunctions in flux compactifications are insensitive to the flux
background. Thus, if those are the lightest modes of the spectrum (as is indeed the case
for weak fluxes), it is justified to expand the fluctuations in fluxless harmonics. We can
also compute physical observables in the 4d effective theory, such as Yukawa couplings, in
terms of overlap integrals of the corresponding wavefunctions. As a last application, one
may consider integrating the spectrum of massive charged excitations in order to compute
threshold corrections to the physical gauge couplings. This will however be addressed in a
separate publication [28].

The above techniques are applied to three different classes of vacua: N = 2 vacua
without flux-induced masses in the open string sector, N' = 1 vacua with flux-induced
p-terms and N = 0 vacua, and more precisely to explicit examples based on twisted tori.

ndeed, in our examples the wavefunctions are remarkably similar to the ones obtained in models with
only open string fluxes, which can be interpreted as some sort of open/closed string duality. As we will see,
this in turn leads to conjecture the existence of extra non-perturbative charged states.

2See however [24-26] for progress in this direction.



These examples are T-dual to type IIB flux compactifications with D3/D7-branes [5, 6]
and S-dual to heterotic compactifications with torsion [29, 30]. It is then easy to see that
our analysis can be easily extended to other families of flux compactifications.

The outline of the paper is as follows. In section 2 we identify the class of type I flux
vacua that we consider in the paper, and compute the modified Dirac and Laplace operators
for their open string modes. We also provide two explicit supersymmetric examples of such
vacua, to which we will apply our techniques in the sections to follow. Indeed, in section 3
we address the computation of the wavefunctions for gauge bosons and introduce the nec-
essary tools to solve for the spectrum of the Laplace-Beltrami operator in arbitrary twisted
tori. Sections 4 and 5 are devoted respectively to the computation of wavefunctions for neu-
tral scalars and fermions and, finally, matter field wavefunctions are considered in section 6.
In section 7 we summarize the structure of massive excitations previously obtained, and
then compare our results to those obtained from a 4d supergravity approach. We also trans-
late our results to the more familiar context of type IIB flux compactifications. Section 8
contains our conclusions, while the most technical material has been left for the appendices.
In particular, in appendix C we show that our approach can also be applied to N' = 0 vacua.

2 Dirac and Laplace equations in type I flux vacua

2.1 Type I Dirac and Laplace equations

A simple way to construct a theory of gravity and non-Abelian gauge interactions is to
consider the low-energy limit of either heterotic or type I superstring theories. Indeed, in
such limit we obtain a 10d A/ = 1 supergravity whose bosonic and fermionic degrees of
freedom are contained in a gravity and a vector multiplet as

bosons fermions
gravity IMN,Cun,® Y, A
vector Ay X

The gravitational content is then given by the 10d metric g, the two-form Cy, the dilaton
¢ and the Majorana-Weyl fermions 1 and A, respectively dubbed gravitino and dilatino.
The vector multiplet is that of 10d N' = 1 Yang-Mills theory, with both the gauge vector
A and the gaugino x transforming in the adjoint of the gauge group Ggauge-

Both multiplets couple to each other via a relatively simple 10d N/ = 1 action which,
in the Einstein frame, is given by [31-33]

6/2 6
S=— /dxlo(det 92Ty —64 Fo FOMN o gopMp, oy ;—4FMNPFMNP

1 1 2
e 2y pROT MNPy §e¢/4F](\X4NXOéFQPMN <¢Q 4 1_\/2_1“@)\) +...] (2.1)
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where all terms not involving A or y have been dropped. Here Fy;ny and Fy/np are
gauge-invariant field strengths

Fiin = OnAY — OnAS + g5, AL AL (22)
Fanp = 310Crp) + 3! AfyOn A% + 2005, AST AR A}, (2.3)

that will be respectively written as Fy and F3 when expressed in p-form language. Finally
the gauge-covariant derivative Dj; acts on the gaugino as

Dux® = Vux® —i—gg,yAﬁ/[XV (2.4)

with gg‘v the structure constant of Ggauge-

In bosonic backgrounds (¢) = (\) = 0, and so the last piece of (2.1) does not contribute
to the equations of motion for the components of the vector multiplet. Applying the Euler-
Lagrange equations, it is easy to see that those read

1
(4 Jer2Fs ) x =0 (25)
9/2
Vi FEP —i[Ag, FEP) - TFMNFMNP =0 (2.6)

where we have introduced the slashed notation 4, = %Ailminril“'i", and we have made
use of the equation of motion for F3 to discard terms proportional to V,, F™ in (2.6).

In the spirit of [29], let us consider 4d vacua with non-trivial F3. In order to preserve
4d Poincaré invariance one imposes an Einstein frame ansatz of the form

ds? = Z712dsk, 5 + dsy, (2.7)

where the warp factor Z only depends on Mg, as well as all F3 indices lie along Mg. In
general, vacua of this kind are such that Mg admits an SU(3) structure, specified in terms
of two globally well-defined SU(3) invariant forms J and 2. In particular, we consider
backgrounds where the following relations are satisfied

Ze® = g, = const. (2.8)
G292 By = sy, e739/2d(3972) (2.9)
d <e¢J A J) ~0 (2.10)

Note that these equations are less restrictive than those obtained in [29].> As discussed
in [11, 34, 35], these are necessary conditions to construct a 4d vacuum of no-scale type.
Sufficiency conditions also involve a constraint on df2, which for supersymmetric vacua
reads d(Z~%/*Q) = 0 and implies that Mg is a complex manifold.

Due to the presence of F3, the compactification manifold Mg has intrinsic torsion and
it is not Calabi-Yau. As a result, the usual Dirac and Laplace equations of Calabi-Yau

3In order to compare to the results in [29] and related heterotic literature, one has to replace ¢ — —¢,
Hs; — F3 and then convert all quantities to the string frame.



compactifications are also modified. Let us then compute the new equations via a general
dimensional reduction of egs. (2.5) and (2.6) to 4d, closely following [13]. For simplicity,
we will consider a U(N) gauge field A.* It can then be expanded as

Ay = B Uo + WPeos (2.11)
with B{; real and (Wﬁf )= Wﬁ[a. The U(N) generators U, and e,g are given by

(Ua)ij = 0aibaj (€as)ij = 0ailpj a#f3 (2.12)

In general, when performing a dimensional reduction on an SU(3)-structure manifold
several subtleties arise.® The first and most important one concerns the identification of
a suitable basis to expand the four dimensional fluctuations [24], since different choices
should be related by highly non-trivial field redefinitions in the 4d effective theory. In our
computations below, we find convenient to expand the vector fields in terms of vielbein
1-forms e™ of Mg°

B(a",2') = bu(a") B(a") da# + ) b™(a") [(B™) +£"](a") " (2.13)

W(z" z") = w,(z") W(z") dat + Zwm(aﬁ“) d(xt) e™ (2.14)

where 2#, 2' denote respectively the 4d Minkowski and 6d internal coordinates. Here,
as in [13], we have set (W) = 0 and allowed for a non-trivial internal vev for B, which
breaks the initial U(N) gauge group into a subgroup Gunpr = [[; U(n;) C U(N). The
modes b, (z#), wy(z#), and 0™ (z#), w™(x#) transform respectively as 4d Lorentz vector
and scalar fields, while from the point of view of Gy, the b’s transform in the adjoint
and the w’s in the bifundamental representation. Finally, these modes satisfy standard

equations of motion for 4d gauge bosons

V, F" —i[A,, F'"] = m% A” (2.15)

and Klein-Gordon fields
Viisb™ =mg o™ (2.16)
Vi sw™ =m3 w™ (2.17)

where in (2.15) A, = b, + w, and m% = m% + mi,.
Similarly, the 10d Majorana-Weyl spinor x can be decomposed as

X=¢+B¢C (=x4®x6 (2.18)

4For Mg a smooth manifold, one should in principle take Ggauge = Spin(32)/Zs. In this sense, Ay €

U(N) lies in a gauge subsector of the full theory.

®Familiar examples are conformal CY manifolds, arising in the context of warped compactifications.
Dimensional reduction in those backgrounds has been studied in detail in, e.g., [36-40].

SMore precisely, ™ stand for left-invariant 1-forms of a group manifold related to Mg, as in [25].



where xg is a 6d Weyl spinor of negative chirality, B = B4 ® Bg a Majorana matrix and y4
is a 4d Weyl spinor of positive chirality satisfying

Vi Pris Bixs = —my x4 (2.19)

where the 4d fermionic modes will arise from. Just as in eqgs. (2.13), (2.14), in the decom-
position (2.18) there is a choice of basis for the 4d fluctuation modes, now implicit in the
definition of yg. Such choice of basis is given in appendix A, where the fermion conventions
used in this paper are specified. As one can check explicitly in the examples below, the
choices performed in the bosonic and fermionic sectors are related to each other via the
10d supersymmetry variation '

5. Ay = %EI‘MX (2.20)
where ¢ is the 10d Killing spinor of the background.” As a result, the effective theory
obtained from the above dimensional reduction scheme will inherit a 4d SUSY structure
that can be obtained directly from reducing (2.20).

In general, in order to fully specify the 4d couplings of the effective action one first
needs to compute internal wavefunctions of the fields B(y), W (y), £ (y), ®™(y) and x¢(y)
that appear in egs. (2.13), (2.14) and (2.18). Such wavefunctions can be obtained by solving
the corresponding internal 6d Dirac and Laplace equations for a type I background with
fluxes. One can compute these equations by plugging (2.13)—(2.19) into (2.5)—(2.6) and
the ansatz (2.7). We obtain®

vMemygMs B _ (9,,log Z)VMmB = —Z12m2i B (2.21)
D™Dy W —2(d,,logZ)D"W = —ZY?m3, W (2.22)

vMemygMeepa _ [gMs gMop)ema _ (g, 1og 7)VMelkerlay
e 2(VMogne R = — 71 2mZere (2.23)

D™D, @8 — [yMe g Mep| el g

—2(log Z)DIF@PIof 1 9ipmeB (@, oy 4
+e?2(D,, @) F,mP = — Z12m2 o8 (2.24)

for the bosonic wavefunctions and

1 1
T (D + 1o/ 3012 ) xo = 2V, B (2.25)

for the fermionic wavefunctions, where V%ﬁ and P77 = I'™D,, are the bosonic and
fermionic covariant derivatives in Mg and we have introduced the notation

D@y = Vo0 —i((By,) — (Bi) @0 (2:26)
(Gom) = 2Vino(Bey) — 2V (B) (2.27)

In N = 0 no-scale models, e should be seen as an approximate supersymmetry generator that never-
theless specifies an SU(3) structure in Mg [11, 35].

8In order to derive these equations we have neglected the 3- and 4-point interactions and we have taken
the gauge fixing conditions, V26£™ = 0 and D,,®"™*’ = 0 as in [14].



Finally, note that if we expand the fermionic wavefunction as xg = AU, + ¥ €as, We

have that lDMG)\O‘ = WMG)\O‘ and lDMG\Ifo‘ﬁ = iﬁ\yaﬂ_

2.2 Elliptic fibrations

A simple way to find solutions to the equations (2.8)—(2.10) is to consider the particular case
where Mg is an elliptic fibration of fiber Il over a four dimensional base By [5, 11, 34, 35].
In particular, we consider a metric ansatz of the form

dshy, = 2717 (e + 2%%ds3, (2.28)
a€lly

where neither the base metric d3234 nor the vielbein 1-forms of the fiber ¢* depend on the
warp factor Z, which in turn only depends on the B4 coordinates. This will be indeed the
case if Z is sourced by background fluxes and/or D5-branes/O5-planes wrapped on Iy (see
e.g. [34, 35] for explicit examples of this kind). The structure of the (unwarped) fibration
can then be parameterized as

1
de® = ~f% e™ Ne € H*(By,R) (2.29)

an

with f2  some structure constants.’

In general, an/lﬁ, IZMG and e?/2F will depend on the warp factor Z, that will enter
egs. (2.21)—(2.25) in a rather non-trivial way. Even if as shown in appendix B the on-shell
relations (2.8)—(2.10) simplify such dependence, we would like to simplify the problem by
taking a limit of constant warp factor. In practice, one can achieve such limit via the

. . . 1/2
non-isotropic fibration Voly;

hierarchy mER > mEE > mg,. [34]. Here mauy (denoted ¢ in the following sections) is

> Volyy,, that in terms of mass scales translates into the

the mass scale introduced by the presence of background fluxes, and in particular the mass
scale of closed and open string lifted moduli. As a result, this hierarchy of scales is essential
to understand the process of moduli stabilization in terms of a 4d N' = 1 effective theory
where all KK modes have been integrated out. In addition, as discussed in section 7.2 the
condition m{fa}ge > mgux also ensures that the warp factor can be taken to be constant,
which is the approximation that we would like to consider in the following.! Finally,
imposing Voll/f, Voly, > o guarantees that the supergravity approximation in which we
are working remains valid.
Splitting the 2-form J as J = Jy, + Jp, as in [11], introducing the projectors,

1 .

and taking Z constant eq. (2.25) becomes (see appendix B)

1 By | 1 .
("4 07 4 3171 ) o = B (2.31)

9Note that these are not the usual integer-valued structure constants used in, e.g., the twisted-tori
literature, as they also include some dependence on the compactification moduli. See below.

10T our analysis below we will not be interested in closed strings dynamics and moduli stabilization, and
so the limit \701)15/42 > Volp, is in fact not essential for our purposes. We will however take it for technical
purposes, as it greatly simplifies the open strings equations of motion.



where we have absorbed the operator I'(4) in the definition of slashed contraction. Indeed,
in the expression above all slashed quantities are constructed from the set of I'-matrices
defined in (A.9), a convention that we will take from now on. Finally, we have defined the
antisymmetrized geometric flux

fmnp = 357"[771 ;p] (232)

The projector PEQ corresponds to the chirality projector of the 4d base B4. One can then
split the internal 6d fermion as

X6 = XTI + XBa (2.33)

where x11,,B, satisfy PEQ XTI, = X1I, and PEQXB4 = 0.'! Since Bg changes the fiber chirality
but not the base chirality, we can split the Dirac equation as

H B k%
D xp, + D7 xn, = myBix, (2.34)
II B 1 * ok
D P xu, + D7 xBy + §fXH2 = my B 11, (2.35)
A similar analysis can be carried out for the scalar wavefunctions, governed by eqgs. (2.23)

and (2.24). Distinguishing between scalars corresponding to the base and to the fiber, the
equations of motion (2.23) and (2.24) read

A A A 1
00" &, = (Fhn — € Fo?) O™ ER, — o5 mn(frnn = e Fum?)éft, = —mich,  (2.36)
3mém£%4 - ( ;;L - 6¢/2anp)émgg4 + ( ;me + 6¢/2anp)ém£{}[2 = _m§£%4 (237)

and

Dy D ®Y — (fP, — e?/?F?) DO, — % @ ([P, — e FpP) Oy, = —m3 ol (2.38)
Dy D ®Y, — (fir — e?2 F?) DO, + (fih, + €2 Fpp?) D™ 0T +

+2i017, (GP) = —mg®h,  (2.39)

where D,,,®%° and (GS5,) are respectively defined as in (2.26) and (2.27), but replacing

the covariant derivative V6 by twisted derivatives defined in terms of the vielbein as
Dy = ea%(x) Do (2.40)

Finally, we have assumed that (B2) is constant along the fiber, as dictated by cancelation
of Freed-Witten anomalies [27, 41].

2.3 Twisted tori examples

In order to provide explicit examples of the metric ansatz (2.28) one may consider the
simple case where the base of the fibration By corresponds to a flat four-torus 7. This
basically implies that, up to warp factors, Mg lies within a particular class of twisted
tori, which are in fact the simplest non-trivial examples of SU(3) structure manifold. A

HThis splitting has a simple geometric interpretation in the type IIB T-dual setup of section 7.3.



very interesting feature of twisted tori, and which will be crucial in the discussion of next
section, is that they can be defined in a group theoretic way, and more precisely as a left
quotient of groups Mg = I'\G.

Indeed, let us consider a d-dimensional group manifold G and its Lie algebra g =
Lie(G). The latter is specified by a set of structure constants fZ that satisfy the Jacobi
identity f[‘ll)cf(%a = 0. In terms of a matrix representation of the Lie Group gg € GL(n),
one can easily compute the vielbein left-invariant 1-forms as géldg(; = e, with t, € g
the algebra generators, and hence the structure constants via

1 ~ ~ ~
de* = Sfp Aet & (0.0 = —f0a (2.41)

with 9, defined as in (2.40). These twisted derivatives can then be identified with t,.
While in general G may not be a compact manifold, one can construct such manifold by
left-quotienting G by a discrete, cocompact subgroup I' C G.'2 The resulting twisted torus
M, =T\G is no longer a group, but it is a parallelizable manifold since the left-invariant
1-forms are still globally well-defined.

Given a set of structure constants f;, constructing a compact manifold Mg = I'\G
is usually a non-trivial problem. This is however greatly simplified if we restrict ourselves
to the case where g is a nilpotent Lie algebra.'3 That is, we consider the case where the
series {gs = [9s—1, 00|}, with gg = g = Lie(G), has k non-vanishing elements, in which case
g is said to be k-step nilpotent. Then, in order for a cocompact I' to exist, we only need
to require that f7 = 0 and that the structure constants are integers in some particular
basis [46]. The resulting nilmanifold is a non-flat, compact (usually iterated) fibration of
tori. In particular, we will obtain elliptic fibrations that fit into our metric ansatz (2.28).

If in particular we consider an elliptic fibration over T% 2, then g should be 2-step
nilpotent. The associated Lie group has then the following faithful representation

1 -
in terms of GL(d+ 1,R) matrices. Here X is a d-dimensional coordinate vector parameter-
izing g and ad is the adjoint representation of the algebra, which due to 2-step nilpotency
satisfies ad® = 0. Note that this implies that ¢! = d X" + %flinkde.

A classical example of this construction is given by the (2p+1)-dimensional Heisenberg
manifold Hs,41, the canonical example of nilpotent Lie group. Here we can split Xt =
(2,74, 7", 7,7 € RP and express the algebra as

[txi7ty1] = 5ij t. (243)

20ne could actually be more general and quotient G' by a discrete subgroup of its affine group, = C Aff(G),
obtaining a freely-acting orbifold of a twisted torus. Indeed, these kind of constructions are well-known
for G ~ R? and © € Aff(R?) a torsion-free crystallographic group (a.k.a. Bieberbach groups [42, 43]),
that lead to standard freely-acting orbifolds of T™. Analogously, for G a nilpotent Lie group and 7 an
almost-Bieberbach group one obtains the so-called infra-nilmanifolds [44].

13See [45] for a discussion of this problem in the more general context of solvable Lie algebras.



so that (2.42) reads

Hopt1 = (2.44)

Q) 8 W

0

In this case, a suitable choice for I' is the lattice I'y,, ., = {(7, ¥, z) = M (ii,,7,,n.)} with
M,n, € Z and 7,7, € 7™ One can then normalize the generators as t, = Mt,, so that
the algebra becomes [{wi,{yj] = §;;M t, and the invariant 1-forms read

@ @

M A ,
& = dz — 5 (z'dy — y'dZ) & = da’ & = dy (2.45)

The nilmanifold I'\G then corresponds to an S* fibration (whose fiber is parameterized by
z) over a T? (parameterized by (7,%)) and of Chern class Fo = M Y. dy’ A dz'. Such
U(1)-bundle structure will become manifest below, when analyzing the spectrum of the
Laplace and Dirac operators in the (compactified) Heisenberg manifold. Finally, a rescal-
ing of the form t, — (27TRa)_1{a, X% — 21 R, X* will take us to a moduli-dependent set
of structure constants, which are those that correspond to the set of vielbein left-invariant
1-forms in (2.29) and (2.41).

It follows from the above discussion that a good starting point to construct explicit
solutions to egs. (2.8)—(2.10) is to consider Mg to be either a nilmanifold or a product like
St x T3, \Hs. In the following we will provide two different type I backgrounds based on
such strategy, for which we will later on explicitly solve the Laplace and Dirac equations
(see sections 3 to 6).

According to the open string spectrum, we can roughly classify nilmanifold type I
flux vacua in two different classes. The first one is that where the spectrum of massless
open string adjoint scalars b (see (2.13)) remains identical with respect to a toroidal (or
toroidal orientifold), fluxless compactification. The second class is that where, because of
the presence of the flux, some of these adjoint scalars develop up a mass of the order of
MAux, just like the closed string moduli of the compactification. We will dub such classes of
vacua as vacua with vanishing and non-vanishing flux-generated p-term, respectively, and
present a supersymmetric example for each of them below. A non-supersymmetric type I
flux vacua will be considered in appendix C.

2.3.1 Example with vanishing p-terms

Let us consider the following type I flux background, displayed in the ten dimensional
Einstein frame and o' units

ds® = Z7V2(ds s + ds}y,) + 23/2dsk, (2.46a)
dshu = (2m)° > (Rpda™)? (2.46D)
m=1,2,4,5

1n fact, we need M € 27 if we want T' to be a subgroup. Interestingly, the same condition is required
by the presence of orientifold planes [47].
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dsty, = (2m)? [(Rada®)? + (Ree®)?] (2.46¢)
Fy = —(2n)2N(dz! A da? + dazt A da®) N eS — g7 wqu dZ? (2.46d)
e®Z = gy = const. (2.46¢)

where we have included the warp factor dependence, as well as provisionally set F5 = 0.
Let us first focus on the metric background (2.46a)—(2.46¢), parameterized by the six
compactification radii R;. Here é° stands for a left-invariant 1-form satisfying'®

de® = M(dx' A da® + dat A da®) . (2.47)

so from (2.43) it is easy to see that (up to warp factors) Mg looks locally like R x Hj, and
that €% is associated to the center of the 5-dimensional Heisenberg group Hs. Following
our general discussion above, we can easily integrate eq. (2.47) to obtain

% = dab + %(mldﬁ — 2%z 4 2da® — 2P da?) (2.48)
as well as the vielbein 1-forms e®. From the latter, we obtain the twisted derivatives
by = (2nRy)! (axl + %gﬂaﬁ) by = (2mRy)" <a$4 + %xf’aﬁ) (2.492)
by = (2w Ry) " <3x2 _ %xlaggcs) ds — (2w Rs) " <3x5 _ %x‘*aggcs) (2.49D)
d3 = (27 R3) 10,5 ds = (2 Rg) 0,0 (2.49¢)

Finally, the global structure of Mg is not R x Hs but rather the compact manifold
Mg = T'\(R x Hs), where I' is a cocompact subgroup of R x Hs, which we take to be
Z x I'yy. Such quotient requires M € 27Z and produces the identifications

M 2

ot — 2l 1 28 — 2% — ; (2.50a)
M 1

22—t +1 2® a4 ; (2.50b)

23— a3+ 1 (2.50c)
M 5

ot 1 2% - — ; (2.50d)
M 4

2P+l 2% —ab ; (2.50¢)

2% — 2% 41 (2.50f)

which by construction leave (2.48) and (2.49) invariant.

Taking now into account the RR flux (2.46d) it is easy to see that egs. (2.8)—(2.10) are
satisfied provided that the on-shell relations gsN = M R% and R{ Ry = R4R5 are imposed.
This implies that d(Z~5/4Q) = 0 for some suitable choice of Q (see below), which in turn

5Recall that according to our definition (2.29) the wvielbein left-invariant 1-form is not given by é°, but
rather by the moduli-dependent 1-form €% = 2 Rgé.
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implies that our compactification manifold Mg is complex and our 4d theory supersym-

metric. Finally, we should also impose N € Z by standard Dirac quantization arguments.

Since Mg is a compact manifold, we should check that both NSNS and RR tadpoles

are canceled globally. Before that, let us include in our background an open string field
strength of the form

Fy = Fyy dz! /\d$4 + Fos dz? A dz® (251)

as well as D5-branes and O5-planes wrapping II,. The Bianchi identity for F3 then reads

2NM + tr (Fiu F:
dF; = — <(2 )2 \4/;1(1“;4)14 25) —i—gs_lV%MZQ) el A2 A3 A e
= (27)? Z qjora(z —x;) et N2 ned Aet (2.52)

J

where in the second line we have made use of the warp factor equation

_ 2N M + tr (F14F25)
— g, 'V2. 7% = (2n)? Vol(T) + ; q;0ra(z — x;) (2.53)

where ¢; = 1 for D5-branes and ¢; = —2 for O5-planes. Note that (2.52) does not imply
that Zj g; = 0, as it would for Mg = TS, but rather that Zj ¢j = O0mod M, due to the
torsional cohomology of Mg [34, 48]. On the other hand, the r.h.s. of (2.53) must vanish
upon integration on By. Since the background BPS conditions imply that NM > 0 and
that tr (Fi4Fb5) > 0, this is only possible if O5-planes are present on the compactification.
We will thus implement their presence via the additional orbifold quotient R : 2™ — —x™,
where 2™ is a B4 coordinate.

Finally, let us discuss the amount of supersymmetry preserved by this background. The
fact we are compactifying type I string theory sets the maximal amount of supersymmetry
to 4d A = 4, which would be the case if we were compactifying in 7%. Adding the orbifold
quotient R above (or equivalently adding the induced O5-planes) halves the amount of
SUSY to 4d N = 2. These two generators of supersymmetry can be associated with two
different choices of complex structure, (2!, 22, 23) and (2!, 2%, 2%), with 2¢ = z' 4 iT;z'+3
and 7; = R; 3/R;, that preserve the orientation of 7% and of the 2-cycle IIy wrapped by
the O5-plane. If as a last ingredient we add the background flux (RR and geometric) with
the above choice of dilaton and compactification radii (¢gsN = M R% and Ry Ry = RyR5) we
see that no further supersymmetries are broken. Indeed, taking for simplicity the Z = 1
limit, this can be checked by noting that gsF5 — idJ is a (2,1)-form for both choices of
complex structure, or by the fact that both choices of 3-form = e Ne” Ae” and
Q' = NeZ Ne? are closed, and so define a good complex structure even in the presence

of the geometric flux.

2.3.2 Example with non-vanishing u-terms

Let us now consider a slightly more involved solution to the equations (2.8)—(2.10), this

time yielding supersymmetric mass terms (pu-terms) for some of the 4d adjoint multiplets.
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Such background is given by

ds® = Z7V2(dskis + dshy,) + 2% ds (2.54a)
dsiu = (2m)° > (Rpda™)’ (2.54D)
m=1,2,4,5
~ ~6\ 2
dsk, = (27)? [(3363)2 + (Re®) ] (2.54¢)
Fy = (2m)?(Ng daz® A &8 — N3 da® A &) A dat — g7t sqa dZ2 (2.54d)

and again e?Z = g,. This time the left-invariant 1-forms satisfy
dé® = Mzdz' Adz®  and  dé® = Mgda! A da® (2.55)

which again corresponds to a nilpotent Lie algebra. The twisted derivatives now read

81 - (Qﬂ-Rl)’l (8961 + %xzaﬁ -+ %$56$6> é4 = (27TR4)71(9$4

- M. A M,
82 = (27TR2)71 <(‘)x2 — 731'18$3> 85 = (27TR5)71 <8$5 — 761'13x6>
83 = (27TR3)718333 é6 = (27TR6)7181.6
and the quotient by I' produces the identifications
M. M,
ot — a2l 1 3 — 2 — 73352 25 — 28 — 76355 (2.56a)
M.
R | 23— a3+ Tgxl (2.56b)
e | (2.56¢)
| (2.56d)
5 5 6 6 Ms 1
0 — 2’ +1 x° =z’ + - ¢ (2.56¢)
2% — 2% 41 (2.56f)

so that the resulting nilmanifold can be seen as the simultaneous fibration of two S'’s along
a T* base.

The equations of motion for this background now require the on-shell relations
M3R§R4R5 = gsN3R1R2 and M6R%R2R4 = gsN6R1R5, with N3,N6,M3,M6 € Z. In
addition, tadpole cancelation will need of the presence of O5-planes wrapping the Il5 fiber,
that again will be introduced via the orbifold quotient R : 2" — —z" on the base coordi-
nates.

As before the presence of O5-planes will reduce the amount of supersymmetry as
N =4 — N = 2, while the background fluxes will further break the amount of SUSY.
More precisely, if we impose M3N3 = MgNg, we will satisfy the supersymmetry condition
d(Z=%/*Q) = 0 for the choice Q = e Ae” A€, this being the only choice of closed
SU(3)-invariant 3-form. Hence, in general the fluxes will break the 4d supersymmetry as
N =2 — N =0, while they will do as N’ =2 — N = 1 if we impose that M3N3 = MgNg.
For simplicity, we will assume the latter constraint to hold for the rest of the paper.
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3 Wavefunctions for gauge bosons

The simplest family of wavefunctions that one may analyze in type I flux vacua correspond
to the gauge bosons of the 4d gauge group Guupy and their massive Kaluza-Klein excita-
tions, transforming in the adjoint representation of G- Indeed, all these modes arise
from the term b, (z*)B(z") in the expansion (2.13) and, as (2.21) shows, their internal
Laplace equation for B does not involve the flux F3. In fact, in the limit of constant warp
factor (2.21) reduces to the standard Laplace-Beltrami equation in the manifold Mg. In
the notation of sections 2.2 and 2.3 such equation can be written as

AB = 9,0°B=-m%B (3.1)
where B is a complex wavefunction describing two real d.o.f. of the 4d gauge boson,'®
while d, are the twisted derivatives defined by (2.40).

From (3.1) it is easy to see that, as expected, gauge boson zero modes are given
by constant internal wavefunctions B = const. Computing the internal wavefunction of
massive KK modes is however more involved, and in general requires the explicit knowledge
of the Laplace-Beltrami operator. As shown in the previous section, twisted tori provide
simple examples of compactification manifolds where 9, have a simple, globally well-defined
expression, which allows to compute analytically the full spectrum of KK masses and
wavefunctions of A. Indeed, in this section we will compute such spectrum for the explicit
twisted tori examples described in section 2.3. As we will see, in simple twisted tori like
that of subsection 2.3.1 the spectrum of wavefunctions is analogous to that of open strings
in magnetized D-brane models, and so it can be easily computed using the results of [13].
On the other hand, for more involved nilmanifolds such analogy becomes less fruitful, and
one is led to apply group theoretic techniques as well as tools of non-commutative harmonic
analysis to compute the spectrum of A. We will present below a general description of
the latter method, and apply it to the computation of wavefunctions in the twisted torus
background of subsection 2.3.2.

3.1 Vanishing u-terms

Let us then consider the Laplace-Beltrami equation for the type I vacuum of subsec-
tion 2.3.1. As discussed above, in the limit of constant warp factor this equation reduces
to (3.1), where the twisted derivatives are given by (2.49). Solving (3.1), however, does
still not guarantee that our wavefunction is well-defined globally, as the twisted derivatives
only see the local geometry R x Hs of the twisted torus Mg = I'\(R x H5). Hence, proper
wavefunctions will also be invariant under the left action of the discrete subgroup I', and
more precisely under the identifications (2.50).
Following a similar strategy to [13], we will first impose I'-invariance via the ansatz

L ; 1 3 4 .6
Bkg,ke (.%') _ Z fkl,k:g,lm,ks(anxS) eQm(li: +k3z®+hkar*+kei®) ki€Z (32)
k1,kq

For massive gauge bosons there is a third d.o.f. showing up as a scalar mode. See section 7.1.
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with
i ks kaes (87 4 Lo, 8% +€5) = fry 4 Mkt ks kat Mgty Jog (27, 7°) b, ls €Z  (3.3)
and where we have performed the change of variables
i =20 + %($1$2 + zt25) (3.4)
Then, substituting into eq. (3.1) and proceeding by separation of variables

fk17k37k47k6 (1‘2, $5) = fk17k37k6 (xQ)fk&’m,k‘s (x5) (3'5)

one can see that (3.1) is equivalent to a system of Weber differential equations [49]

1,. .
(0 = L 4 = al i sya#) =0 (36)
1 . .
(0 = 1% + | a9 =0 5.)
for some constant «, where we have made the following definitions:
2
i? = —a"?(ky + keMx?) (3.8)
Ry
2
i® = a2 (ky + keMz®) (3.9)
Ry
1{ , ke \> [ ks\?
= - — || = — 3.10
v a<m3 (2) +(% (3.10)
|k M|
= — 3.11
¢ TRiR, (3:11)

The general solution is then given in terms of Hermite functions 1, (x) as'”

o) = v,y (22) (312)
k1,k3,ke v—a—y \/5 :

x‘5
fk3,k4,k6(i'5) = 1/1@_% (%) (313)

where
1

Un(@) Vnl2ngl/2
and H,(z) stands for the Hermite polynomial of degree n. Note that this requires that the
Hermite functions in (3.12) and (3.13) have subindices v — a — 1/2, o — 1/2 € N and, in
particular, that ¥ — 1 = n € N. This turns out to fix the mass eigenvalues, obtaining the

e "2 H, (), (3.14)

following KK mass spectrum

ke M| AN
— 1 — — 3.15
7TR1R2(n+ )+ RG * R3 ( )

" There exist additional solutions given by general parabolic cylinder functions. However it can be checked

mi =

that these do not lead to convergent sums when plugged into (3.5) and (3.2).
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Plugging back these solutions into (3.5) and (3.2) and defining k1 4 = 614 + keMs1 4
with s; € Z, we obtain the set of eigenfunctions

-2 -5
B(k751754) _ NB Z T;Z)n—k‘ <$_> ¢k; <1E_> 627ri[(51+k:6M81)1‘1+k3$3+((54+k6M84)$4+k6i‘6]

n,ks,k
o S$1,54 \/5 \/5
6
27|kg M| Rs \ /2
B el e il Vol = [[(27R; 3.16
No = (Tt olag, = [[ork) (3.16)

where the indices run as k = a—1/2 =0,...,nand §14 = 0,...,k¢M — 1. As in [13],
the fact that different choices of d1,d4 give independent wavefunctions is related to the
recurrence relation (3.3). Finally, the normalization has been fixed so that

(B(k’61’64) B(k/76'1,5£1)> _ H Si (3.17)

n,kg,ks ? n/,ké,ké
i=n,k,k3,ke,01,04

where (,) stands for the usual inner product of complex functions.
Besides the set of wavefunctions (3.16) there is a different family of solutions to (3.1).
Indeed, simple inspection shows that these are given by

Bkl,kg,kg,k4,k5 (f) = exp[27ri(/<:1x1 + k2$2 + k3x3 + k4.%'4 + /{?51'5)] (3.18)
5 k: 2
2 Q
= = 3.19
b =3 () (3.19)

so that, in terms of the ansatz (3.2), correspond to the choice k¢ = 0. We then find that
there are two families of Kaluza-Klein excitations for each 4d massless gauge boson, and
that KK modes enter in one family or the other depending on whether they have KK
momentum along the fiber coordinate 2% or not. The spectrum of KK modes which are
not excited along 2% given by the wavefunctions (3.18), is the same than we would find
in an ordinary 7°.

On the other hand, Kaluza-Klein modes excited along x5, given by the wavefunc-
tions (3.16), present an interesting Landau degeneracy. For each energy level there are
exactly (k¢ M)?(n + 1) degenerate modes, labeled by the triplet (k,&1,d4). We have repre-
sented in figure 1 the resulting spectrum of particles associated to the gauge boson, in the
regime R Ry > M Rg, and we have compared with the spectrum resulting in the fluxless
case. As discussed in section 2.3, in this regime the KK excitations along the base are much
lighter than the excitations along the fiber, and the mass scale induced by the fluxes is
much smaller than any KK scale. Hence, in analogy with standard type IIB flux compact-
ifications with large volumes and diluted fluxes, the effect of the flux can be understood as
a perturbation from the fluxless toroidal setup.

Note that, even if we consider diluted fluxes, there are some qualitative differences in
the KK open string spectrum with respect to the fluxless case. In particular, for kg £ 0
the masses of all the excitations along the base By scale linearly with respect to their

KK quantum numbers, whereas in the toroidal case these scale quadratically. In addition,

B(k’51’54) |2

the wavefunctions |B7 " -

have a non-constant profile only along two directions,
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Figure 1. Spectra of massive gauge bosons in a fluxless toroidal compactification (left) and in the
fluxed example at hand (right), in the regime Ry Rs > M Rs. The mass scale introduced by the
fluxes is given by e = M Rs/mR1 Rs.

2! and 2%, as depicted in figure 2 for the first energy levels, reflecting the localization
(independently of the warping) of these Kaluza-Klein modes along those directions. Note
that the localization of Kaluza-Klein excitations may affect in an interesting way the
effective supergravity description, leading to suppressions in the couplings of these modes
to the low energy effective theory.

Interestingly, the family of wavefunctions (3.16) can be easily understood in terms of
ordinary theta functions as follows. First note that for n = 0 and kgM > 0 we have

1/2 51 54
0,61,00) _ ( 2lkeM|R5 - - N 2 N )
BO,k‘s,k‘(s - (Rl Vol g v 63 (ke M Z1; keMT1) 9 5 (ke M zZo; keMT2)

lem 21 221111 ,52

X exp [z’ﬂ%M ( )] exp [2mi(kea® + k3z®)] (3.20)

Im 7:1 Im ’7~'2
where we have defined a non-standard complex structure

51:$1+7~'11'2 7~'1=Z‘R2/R1 (321)
Zy =1+ 72’ 7 =iRs/Ry '

The higher energy levels corresponding to n > 0 can then be built by acting with the

following raising operators
CLJ{ = 81 — ’L'éQ a; = 84 — i(§5 (3.22)

which act on the wavefunctions (3.16) as

tksnos) . (keM(n—k+1) ks .64
1Bn,k31,k64 - Z\/ 7TR1R2 Bn+11,k34,k6 (323)

,17,



M k=0, k=0 M ks=1, k=0 M ks=2, k=0

M ke=0, k=0

Figure 2. |B7(Lk,’€i1}f4)|2 for k=0,1, keM = 0,1,2, n = k and arbitrary 91,04, and k3, in the plane

6
2* =0, i=3...6. The normalization has been left unfixed.

tpkoros) _ . (keM(k+1) L ki1,60,60)
a2Bn’k31’k64 - TR Ry B”+17k317ks4 (3.24)

Similarly, for k¢M < 0 we should complex conjugate Z, 7% in (3.20) and a}; in (3.22).

Note that the kind of wavefunctions (3.20) are precisely those arising from open string
zero modes charged under a constant U(1) field strength F; in toroidal magnetized compact-
ifications [13]. This was indeed expected, as nilmanifolds I"\'Hs,+1 based on the Heisenberg
manifold are standard examples of S* ~ U(1) bundles, and so both kind of wavefunctions
can be understood mathematically in terms of sections of the same vector bundle. It is
amusing, however, to note that the physical origin of the bundle geometry is quite different
for these two cases. Indeed, while in [13] the bundle arises from an open string flux F
and the U(1) fiber is not a physical dimension, in the present case the bundle geometry
is sourced entirely form closed string fluxes, and all the coordinates of the fibration corre-
spond to the background geometry. This multiple interpretation of the wavefunctions (3.20)
could presumably be understood as a particular case of open/closed string duality, where
the closed string background (2.46) is dual to a background of magnetized D9-branes. More
precisely, one can build a dictionary between both classes of backgrounds as

closed string open string
eb > A
20 — A
F! o w3
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where F3 = F§1 + w3, wg is the Chern-Simons 3-form for the open string gauge bundle and
A the gauge transformation parameter.

To finish our discussion let us comment on the uniqueness of the above solutions.
Note in particular that the change of variables in (3.4) is not unique, and one can check
that taking different choices for #® leads to wavefunctions that are localized along different
directions. Again, this fact is not totally unexpected, since similar effects occur in the
context of magnetized D-branes in toroidal compactifications [13]. Let us then consider
the following change of coordinates

M
i =20 + 7(%:61:62 + epzta®) (3.25)

with €,, €, = £1. From a group theoretical point of view, this choice of signs are nothing
but the four possible manifold polarizations'® of the 5-dimensional Heisenberg group Hs.
Proceeding as we did in the previous sections, we obtain the following set of wavefunctions

. .b

(ks8a0b)ea e z* L7\ 2mi((Satke Msa)zt-+hyad+(8y+ks Msy)zb+keiS )

B a’b:./\/'ee an—k =) oy (== o2 (0atke Msa 3 b+ke M sy 6
n,k3,ke atb \/5 \/5

Sa,SpEL
27 |kg M| Ry Ry \ /?
€a€p ~a 3.26
Neas ( Vol rgg RaRb> (3:26)
with
2
sa_ J 7 1V2(6, + keM (2® + s,)) for eq = +1 (3.27)
Rlaa_l/Q((Sa — kgM (2! — 54)) for e, = —1
2 a2 (8 + ke M (2° for e = +1
it = {@ba ke ) or = (3.29)
o 12(6y — kM (z* — s3)) for e = —1
b for eg = +1 4 for e = +1
40— :U2 or € + b= ﬂ:5 or €, = + (3.29)
x* for e, =—1 x° for ¢ = —1

and an analogous definition to (3.29) for R, ;. Note that €, = +1 (—1) leads to wavefunc-
tions localized in z! (22), whereas ¢, = +1 (—1) leads to wavefunctions localized in z* ().
Each choice of polarization, however, leads to a complete set of wavefunctions. Therefore
any wavefunction within a given polarization can be expressed as a linear combination
of wavefunctions in a different polarization through a discrete Fourier transform [13]. See
appendix D for a more general, formal presentation of manifold polarizations for the case
of nilmanifolds.

3.2 Laplace-Beltrami operators for group manifolds

When finding solutions to the equation (3.1) in our previous example, a key ingredient
was to impose I'-invariance via the ansatz (3.2). While such ansatz is easy to guess either
from the identifications (2.50) or from the magnetized D-brane literature, it is a priori not
obvious how to formulate such an ansatz for arbitrary twisted tori.

8Not to be confused with the gauge boson polarization to be discussed below.
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In the following we would like to systematize the procedure above and generalize it
to solve the Laplace-Beltrami equation in arbitrary manifolds of the form Mg =T\G. As
we will see, the method described below not only leads automatically to the two families
of KK towers (3.16) and (3.18) that we found for Mg = T'\(R x Hs), but also gives
a simple group theoretical understanding of their existence in terms of the irreducible
representations of R x Hs.

In fact, the relation between families of KK modes on Mg = I'\G and irreducible
representations of a group G can be traced back to the mathematical literature that
analyzes the spectrum of Laplace-Beltrami operators in group manifolds. Particularly
useful for our purposes will be the tools developed in the context of non-commutative
harmonic analysis (see e.g. [50, 51]), a field aiming to extend the results of Fourier analysis
to non-commutative topological groups.

In order to motivate this approach let us first consider the Laplace eigenvalue problem
in the Abelian case M,, = Z™\R" = T". Here the twisted derivative operators O are

nothing but ordinary derivatives, so (3.1) reduces to
0,:0° B = —m%B (3.30)

and the underlying algebra of isometries is Abelian. A standard approach to solve this

Laplace equation is to apply Fourier analysis. More precisely, we can apply the Fourier

transform
fz= [ B(@)e“%di (3.31)
]Rn
to rewrite (3.30) in the dual space of momenta. We then obtain
/ B fs = mpfz (3.32)
Rn ]Rn

which easily gives fz = 6(&—dp) and |&o|> = m%. Hence, the eigenfunctions of the Laplace
operator correspond to Kaluza-Klein excitations with constant momentum of norm mpg.
Applying the inverse Fourier transform we find that these are given by Bg(Z) = e 0%,
The eigenfunctions of A are then nothing but the irreducible unitary representations e’***
of the group R"™, which are also the “coefficients” entering the Fourier transform (3.31).
Finally, imposing invariance under the compactification lattice I' = Z" restricts & to the
dual sublattice 27Z.

So one interesting observation that we can extract from this example is that the irre-
ducible unitary representations mg(Z) = €T of the Abelian group G = R" correspond to
the eigenfunctions of the Laplace operator. In particular, those which are invariant under
the subgroup I' = Z" are well-defined in the compact quotient I'\G, and so describe the
KK wavefunctions of T".

Naively, we would expect that some sort of analogous statement can be made for G
a non-Abelian group. Again, a good starting point is to consider the non-commutative
version of (3.31),'” which reads [50, 51]

f30(8) = /G B(g)ms(9)e(3)dg (3.33)

9For a recent application of this Fourier transform in a different physical context see [52].
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with 75(g) a complete set of inequivalent irreducible unitary representations of G. An
important difference with respect to the Abelian case is that the irreducible representations
75(g) are no longer simple functions, but rather operators acting on a Hilbert space of
functions, ¢(5) € L2(RP(™) with p(r) € N, and so is f;. Remarkably, the set my can
be computed systematically by means of the so-called orbit method, mainly developed by
A. Kirillov [53], and which we briefly summarize in appendix D.

In principle, one could follow the standard strategy of the Abelian case and make use
of (3.33) to write down eq. (3.1) in the space of momenta, and then apply the inverse
Fourier transform to obtain our wavefunction B. An alternative approach, which we will
adopt here, is to start with an educated ansatz for I'-invariant wavefunctions, based on the
close relation between Laplace-Beltrami eigenfunctions and unitary irreps of G.

Indeed, consider a complex valued function Bz : G — C, defined as

B2V = (msl)pw) = [ 0 Imslo)ele) s (339
p(m

where (, ) is the usual L*(CP(™) norm. If £ is a differential operator acting on the space

of wavefunctions L?(G) that can be expressed as a polynomial P({t,}) of the algebra

generators, then it is easy to see that

L(ms(9)e, ) = (7a(9)ma(L)e, ) (3.35)

where m5(L) is defined in the obvious way [50, 51]. Hence, finding eigenfunctions of £
reduces to finding eigenfunctions of 75(£) in the auxiliary space L2(RP(™), since 75(L)p =
Ap = EB:SW = )\B:g’w. Note that this is independent of our choice of ¢, which we can take

to be, e.g., a delta function 6(5— 3). A suitable set of eigenfunctions of £ is then given by

BE(g) = 75(9)%a(50) (3.36)

where ¢, is an eigenfunction of m5(L). In particular, this result applies to the Laplace-
Beltrami operator A, which can be written as a quadratic form on {t,}. Hence, (3.36)
provides a clear correspondence between unitary irreps of G and families of eigenfunctions
of its Laplace-Beltrami operator.

As stressed before, we also need to impose that our wavefunctions are well-defined in
the quotient space M = I'\G. A simple way to proceed is to consider the sum

Ba(g) = Y ms(v9)e(50) = m5(9)e(50) (3.37)
~yel'

keeping only the wavefunctions Bz belonging to L?(M).2° Again, if ¢ is an eigenfunction of
7z(L) then (3.37) is automatically an eigenfunction of A. Alternatively, one may consider
¢ an unknown function and the expression (3.37) an educated ansatz to be plugged into
the Laplace-Beltrami equation (3.1).

20This procedure may present some subtleties. For instance, if 73(%) = ¢*“'% and & € 277, then the sum
over I' = Z™ does not converge. In those cases, one should rather think of (3.37) as a way of replacing 7z
with T-invariant irreps 75 in (3.36). We have followed this philosophy in eqs. (3.38) and (3.39) below.
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In order to illustrate how this ansatz works, let us again consider the (2p + 1) di-
mensional Heisenberg manifold Hap,1, discussed in section 2.3. The Stone-von Neumann
theorem [50, 51] states that the irreducible unitary representations for Hap1 are given by
two inequivalent sets?!

T (X) u(3) = M RlAT0/2405 (3 4 7) u(3) € L*(RP) (3.38)
7y o (X) = e2mitked + Eyd) (3.39)
zVy
where we are taking the same parameterization X! = (2,21, 4") of Hopi1 as in (2.44).

Considering the cocompact subgroup I'w,,., = {(7,7,2) = M (s, 7,,n.) € M72 1Y,

M € 27, and the I'y, ,-invariant representations 7l we obtain
e (X)u(3) = Y e2rib B FTTHES) CHME)] (34 M (5, + 7)) k. €7  (3.40)
Sz,8yELP
r - 2mi(ke & + Kyl T
mop (X =e milke & + ky7) ko ky € 7P (3.41)

where as before we have normalized the generators of the algebra as t, = Mt,, and in
addition we have relabeled the unirreps as /%’a =M l_fL, a = x,Yy,z. An interesting effect
of considering the invariant unirreps «! is that the allowed choices for § € RP become
discrete. Indeed, note that (3.40) vanishes unless k.5 € ZP, and that if we impose the
latter condition we no longer need to sum over 3y to produce an invariant unirrep. Hence,

we can identify our set of I'-invariant unirreps producing our ansatz (3.37) as

7711; (X) o= :Z ezm'kz(z+%f-g’)ezm(g’-(5+kzM§z))(p(ng koM (5, + 7)) k,eZ (3.42)
L (X)) = e2milkeE + Ky-i) ke, Ey e ZP (3.43)

where ¢(5) = u(k;15) and § € ZP. Note that because of the sum over &, for fixed k, there
are only |k, M P independent choices of § that we can take. Moreover, all these choices can
be related via a redefinition of Z, so if we find a solution to the Laplace equation via the
ansatz (3.42) in general we will have |k, M|P independent solutions.

To be more concrete, let us go back to the twisted torus example of subsection 2.3.1.
Recall that there the internal geometry is given by Mg = I'\(R x Hs) = St x Ty, \'Hs,
and that in (3.38) and (3.39) we should take p = 2 and identify z = 25, ¥ = (22, 2°)
and i = (z!,2%). The ansatz (3.37) then amounts to take the invariant unirreps (3.42)
and (3.43) with the same identifications, and tensored with the unitary irreps of S' ~ U(1),

omiks

given by e . More precisely we obtain

BEEE) = 3 (k4 RoMa by 4 kM) s st iss) (g 4

k1,ka
k; = 0; + ke M s; n; €7
Bk17k2,k37k4,k‘5 (f) = exp[2m'(k1x1 + kQ.%'Q + k31'3 + k41‘4 + k5.%'5)] (3.45)

218ee appendix D for an alternative derivation of this result.
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with ¢(x,y) a function to be determined. Eq. (3.44) is indeed the ansatz considered
in eq. (3.2), while (3.45) gives the set of wavefunctions (3.18) obtained by inspection.
Finally, plugging (3.44) into (3.1), directly leads to ¢(z,y) = Yr(u12)n_k(uoy), with
u? = 4nkgRo /Ry and u3 = 4nkgR5/ R4 reproducing the results of the previous section.

As promised, the ansatz (3.37) gives a direct relation between families of KK modes on
Mg = I'\G and invariant unirreps of G. In this respect, note that the inequivalent unirreps
of G = expg can be extracted from its Lie algebra g, given by (2.41). Now, from the 4d
effective theory point of view g is nothing but the 4d gauge algebra resulting from dimen-
sional reduction of the 10d metric [27]. Hence, we can establish a correspondence between
inequivalent unirreps of the 4d gauged isometry algebra and families of eigenfunctions of
the internal Laplace-Beltrami operator. Note also that g is only part of the full 4d N/ =4
gauged supergravity algebra, as there are further gauge symmetries arising from dimen-
sional reduction of the 10d p-forms. As we will argue below, by making use of the global
SL(2) x SO(6,6 + n) symmetry one should be able to extend such correspondence to the
full 4d gauged algebra and the full set of massive modes of the untwisted D9-brane sector.

3.3 Non-vanishing u-terms

Let us now apply the ansatz (3.37) to a more involved background, namely the twisted torus
compactification with flux-generated p-terms of subsection 2.3.2. Again, the wavefunctions
for the 4d gauge boson are given by the eigenfunctions of the Laplace-Beltrami operator
A, and more precisely by the solutions to eq. (3.1), with the twisted derivatives given
by (2.49). As before, the first step of the ansatz is to find the set of inequivalent unirreps
of the Lie group G. This can be done via the orbit method, as shown in appendix D. We
then find four families of irreducible unitary representations associated to the Lie algebra
defined by eq. (2.55), given in egs. (D.20)—(D.23).

As a second step, we need to impose I'-invariance on these unirreps. For this purpose
it is useful to introduce the variables

M. M,
i3 =3 — 733:13:2 and @5 =25 — 763:53:1 (3.46)

so that the action of T', given by (2.50), now reads

et oat+1 =it - Myge? 1% — 2% — Mg (3.47)

with all the other coordinates being periodic, z* — z' 4+ 1 for i = 2,4,5, and &* — &' + 1
for i = 3,6. Imposing invariance of (D.20)—(D.23) under (3.47) and plugging the result
into (3.1), leads to the following 6 x 4 = 24 towers of KK gauge boson wavefunctions:

Modes not excited along the fiber {#3,#%}. These are given by standard toroidal
wavefunctions in the base

, 1 2 4 5
Bkl,kQ,k‘4,k5 = GQM(klx thaa thaatthsa) (3'48)

with mass eigenvalue

mp= > (ﬁf (3.49)

a=1,2,4,5 @
In particular, this includes the massless gauge boson.
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Modes excited along ", with » = 3 or 6. Their wavefunction is given by

Bl(f)k . _ N Z¢n < ) 627ri(krabr+k4x4+ksfrargfr+(6+skTMr)xT*1) (350)
ryR4,R8—r,T

SEZ

with 6 = 0... k.M, —1 and where £, = M3R3/2m R, Ry stands for the mass scale of the flux

1/2
2R | |krey o 2e ke N2 [, 5
= =21R) | —— -5 — 3.51
N Volu, \| " R, TEATMA TR, ST LM, (3:51)
The corresponding mass eigenvalues are
2
2 |5uk7’| ka
m% = R—r(2n +1)+ > (R_a (3.52)

a=r,4,8—r

Modes excited along both &3 and ©6. The wavefunctions for these modes are

62765 21 k4m4+k3i3+k6j:6+(55+sk5M5)m5+(52+sk3M3):v2
k37k4,k67 =N an <_> € [ ] (3.53)

SEL

with

1/2
2rR1y/A
N = < i MW) &' = 2m(28 g leul) 2 Ry (xl—s— 2 ) (3.54)

VOlMG ]{?3M3

ks\2 [ ke \?
2 _ (M 6.
Dks ks = <R3> + <R6> (3.55)

and where 09,05 € 7Z are related through the constraint kgdo Mg = d5k3Ms. Finally, the
mass eigenvalues are

ks \?
= AL, ke (R_4> + |ep| Aky ke (20 + 1) (3.56)

4 Scalar wavefunctions

In this section we proceed with the computation of the wavefunctions for the 4d scalar
modes transforming in the adjoint representation of the gauge group Gunp:. These modes
arise from the term b™(x*)¢™ (') in the dimensional reduction (2.13) of the 10d gauge
boson, so they can be thought as Wilson line moduli of the compactification plus their KK
replicas. Note that the choice of expansion (2.13) in terms of the left-invariant 1-forms e
indeed simplifies the computation of the wavefunctions £™(x%) which, just as the previous
gauge boson wavefunction B(z'), are invariant under the action of the subgroup I' in
Mg =T\G.

In fact, we will see that having computed the spectrum of B(z%)’s, the computation of
£m(x')’s reduces to a purely algebraic problem. This problem is easily solved in the case
of our compactification with vanishing u-terms, since it basically amounts to diagonalize
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a 3 x 3 matrix with commuting entries. The case with non-vanishing p-term, on the
other hand, turns out to be more involved, as the entries of this 3 x 3 matrix become

non-commutative.2

4.1 Vanishing p-terms

As discussed in section 2.2, for elliptic fibrations of the form (2.28) the internal profiles
{ﬁQ B, Of the 4d scalars in the adjoint of Gy, are real functions satisfying egs. (2.36)
and (2.37). These equations of motion can be summarized in matrix notation as

M+ mj I] V=0 (4.1)
where
51
& 1 — ¢1 o4 %1 — ¢l !
53 & = 534 +ZfB4 & = 534 _2534
V= e =g vigy, =g, i, (4.2)
£+ & = &, +igf, &0 = &, —igh,
5*3

and the matrix M has as entries differential operators whose general expression is given in
appendix E. For the type I vacuum of subsection 2.3.1, one can check that M reduces to

Ond™ —cbs 0 0 0 0

edsg 0,,0™ 0 0 0 0

0 0 9,0" 0 0 0
M = X 4.3
0 0 0 0,0m —edg 0 (4.3)

0 0 0 &g 0,0™ 0

where as before ¢ = M Rg/mR1 Ry is the flux scale. Note that all the entries of the matrix M
commute, and so (4.1) can be treated as an ordinary eigenvalue problem. Moreover, M is
block diagonal, with no entries mixing holomorphic and antiholomorphic states. This can
be traced back to the fact that our compactification manifold Mg is complex, as required by
N =1 supersymmetry. Therefore, it is enough to solve for one of the 3 x 3 blocks in (4.3).

In order to do so let us distinguish again between states which are excited along the
fiber coordinate 2% and states which are not excited along it. For the latter the wavefunction
should not depend on z°, and so they are annihilated by . Therefore, for those states
M is proportional to the Laplace-Beltrami operator, whose eigenvalues were solved for in
section 3.1. It is then straightforward to verify that the wavefunctions associated with these
modes are given by the same functions By, k, ks keks defined in equation (3.18). Similarly,
the mass eigenvalues are

i=a

22The fact that we have to diagonalize a 3 x 3 matrix instead of a general 6 x 6 mass matrix is due to
the fact that the 4d vacua considered in this section are supersymmetric, and to the exact pairing between
bosonic and fermionic wavefunction that this implies. See appendix C for a non-supersymmetric example
where bosonic and fermionic wavefunctions are no longer the same.
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so the wavefunction By 0,00 = const. corresponds to the six real Wilson line moduli.

On the other hand, Js does not act trivially on modes excited along the fiber, as they

6. Note however that Jg belongs to the center of the Lie algebra g of our

depend on x
twisted torus Mg = I'\G. Hence, d¢ commutes with the Laplace-Beltrami operator 3m(§m,
and so they can be simultaneously diagonalized. In fact, it turns out that the family of
wavefunctions (3.16) obtained above are not only eigenfunctions of O™ but also of Jg,
their eigenvalue for the latter being iks/Rg. This allows to diagonalize the upper 3 x 3

block of (4.3) for the fiber KK modes as

1
k,81,04) _ . k61,0
it = | =1 | Biliia” (4.4)
0
with mass eigenvalue
ek
mgi = |R—66|(n+1:FSk6M)+Az37k6 (45)

where spnr = sign(ke M) and Ay, g, is given by (3.55). The effect of the off-diagonal entries
in (4.3) is then to shift up or down the mass eigenvalues with respect to the ones computed
in section 3.1 for the gauge bosons. In figure 3 we have represented the splitting of the
Laplace-Beltrami energy levels due to this mass shift effect.

The remaining eigenvector is

0
k,01,04) __ k,01,0.
(53);,@1,19(?) =10 B?S,,kgl,k;) (4.6)
1
with mass eigenvalue
’Ek@‘
mgS = RG (n + 1) + Az:)”k;(; (4.7)

identical to the KK masses of the corresponding massive gauge boson. In fact, the degrees
of freedom coming from (4.6) should be seen as the extra polarizations that massive gauge
bosons have with respect to massless ones.

Putting these results together with the spectrum of gauge bosons computed in sec-
tion 3.1, and the fermionic spectrum (to be computed in next section), one can observe
that the content of massive Kaluza-Klein replicas can be arranged into N/ = 4 vector
multiplets, except for the levels kg # 0, n = 0, which only fit into ultrashort N' = 2

hypermultiplets. See section 7.1 for a more detailed discussion.

4.2 Non-vanishing u-terms

Let us now turn to the type I vacuum of subsection 2.3.2, where the background induces
a non-vanishing mass term for one of the chiral multiplets. The internal profiles of the
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A2 L+ 3l 18]ke M2
A% ke T 2'3,’;?' 12|k M2
A2+ 6|k M|? x
ARy ke 2k M|

0

Figure 3. Mass spectra for the complex scalar modes {3 and £+ excited along the fiber with same
momentum |kg| in the example with vanishing p-terms. Continuous red lines relate states with
same n and kg < 0, whereas dashed blue lines relate states with same n and kg > 0. We have
labeled the energy levels by n®t . The spectrum of gauge boson excitations coincide with the one
of &3. The flux mass scale is given by € = ﬂ%ﬁ%, whereas Ai&kﬁ is defined in (3.55). We have also
indicated the number of real scalars at each energy level, for fixed sg,, sk

3.

adjoint scalars must again satisfy the eigenvalue problem (4.1), now with M given by

O™ —£,0.8  —£,0.0 0 0 0
8“823 8m6m €H8Z1 0 0 0
£,052 —£,051 Opd™ — 2 0 0 0
M= 0 T 0 000 e —eud (48)
777/A _AguA 23 _guA 22
0 0 0 EM(?Z?, 8m3Am A z’:luagl
0 0 0 ep0y2 —eu0,1 0, 0™ — &,
with €, = M3R3/2m R Ry and where the complexification
ézk = ék — iék+3 (4.9)

is related to the standard choice of complex structure z¥ = 2¥ +i( Ry, 3/ Ry )2*+3. Note that
again the mass matrix is block diagonal, as expected for a 4d SUSY vacuum. We will thus
solve (4.1) for the upper block and obtain the other eigenfunctions by complex conjugation.

An important qualitative difference with the case of vanishing p-term (4.3), is that
the entries of the matrix M are operators that no longer commute. However, using the
following commutation relations

[ézl,azz] = [ 21,8Z2] = —€M8Z3 [ézl,agz] :[ 21,822] :—6u323
(4.10

)
[émém, 0,2] = —£,0,3 (0,1 + 0n) [émém, O0x] = —€ué23 (ézl —|—é21)
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[émém, éz1] = [émém, ({921] =€y (({:)22 523 —i—ézz 353>

one can still diagonalize this matrix. Indeed, after some little effort one can check that the
above system have a complex eigenvector

&= 0. | B@ (4.11)

with mass eigenvalue m?g = mQB, and two complex eigenvectors
éZSézl + mg, ézz
€+ = | 0,302 —me, 0,1 | B(Z) (4.12)
0,305 + mg 4

with mass eigenvalues

1 2
i —eumg, —mp=0 = mgi:1<sui\/ai+4m2}3) (4.13)

Mg

Here B(7) is any of the gauge boson wavefunctions (3.48), (3.50) or (3.53) with mass m%
given respectively by egs. (3.49), (3.52) and (3.56). Hence, for each Kaluza-Klein boson
with mass mQB, there is one complex scalar with the same mass (eaten by the massive gauge
boson via a Higgs mechanism) and two complex scalars whose masses are solutions to the
quadratic equation in (4.13).

Note that for the lowest modes of the neutral gauge boson, B = const., the eigenvector
parametrization (4.11) and (4.12) breaks down, and does not constitute a good represen-
tation of the lightest modes for the scalar fields. Instead, these states correspond to the
constant eigenvectors

1 0
(€x)o = | i | X const. (€3)o =] 0| x const. (4.14)
0 1

2

; _ 2 _ 2
with masses mg, = 0 and mg, =€

H,?
effective supergravity result [11]. We will come back to this point in section 7.2.

respectively, recovering in this way the low energy

5 Fermionic wavefunctions

Let us now turn to the equation (2.31) describing the wavefunctions of fermionic eigen-
modes. As in the two previous sections, we will consider those modes transforming in the
adjoint representation of the unbroken gauge group Guunr, computing them explicitly for
the two examples of section 2.3. In general, for compactifications preserving 4d N = 1
supersymmetry, one expects all those modes belonging to the same supermultiplet to share
the same internal wavefunction. This should in particular apply to the two type I vacua
examples analyzed above, and so the eigenvalue problem for fermionic modes should re-
duce to the one already solved in sections 3 and 4. We will see that this is indeed the case.
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Let us however stress that, as our approach treats bosons and fermions independently, the
method below could also be applied to type I backgrounds where the flux breaks 4d super-
symmetry and so wavefunctions no longer match. An example of such N’ = 0 flux vacuum
is discussed in appendix C, where both classes of open string wavefunctions are computed.

Following the conventions of appendix A, we can take our wavefunction as a linear
combination of the fermionic basis (A.7). Defining the vector

1/}0
1/}1
U = e (5.1)
¢3
it is then easy to see that (2.31) can be expressed as
i(D+F)V = m, ¥~ (5.2)
where . A A
0 0.1 0,2 05
D _ —0U,1 0 _623 8;2 (53)

_322 323 O —0Uz1
_623 _622 821 O
and F contains the contribution of the term proportional to f in eq. (2.31). In particular,

we have that F = 0 for vanishing p-terms.
Eq. (5.2) implies that

D +F)*D+F)V = |m,|*¥ (5.4)
which is the fermionic equivalent to (4.1).

5.1 Vanishing p-terms

Let us then consider the internal Dirac equation in the vanishing p-term background of
subsection 2.3.1. First, given the choice of fibration and the conventions of appendix A,
the splitting (2.33) reads

Xry = 90X Y X
XBy = ' Xt U7 Xt
Second, recall that the contraction of indices in (2.25) and (2.31) is performed with the

internal gamma matrices in (A.9), which are essentially the 6d matrices in (A.3). Then,
the contribution of the geometric flux to the Dirac equation (2.31) reads

MRg ( 3'% 7456 1 MRs 126 | 456
= = (2 — 5.7
/ 2w<mm+3m5 e am, 7 +7) (5:7)
where we have used the condition Ry Ry = R4R5. In addition we have that
1
1430 = (01 ® 09— ®01) @Oy = 5(0:00:—0:00.) @0y (5.8)
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where

02 00
o, = <00> oz = <20> (5.9)

Hence, we see that fx, = fPJlE2 x = 0, and so F = 0, as expected from the fact that in

this background no p-term is generated for D9-brane moduli.
In order to solve the squared Dirac equation (5.4) we just need to compute the action
of D*D, which in general reads

—D*D = 9,0m 14+

s(fi5 + f55 + f35) f35 31 13
D 32 5(fl1 = f32 — f33) fan f31 b,
“ fis fis s(—fi5 + f52 — f33) I35
[ I I35 s(—f5 — f52 + f33)

and that for the case at hand reduces to

(5.10)

This operator matrix is block diagonal, and it is easy to see that the upper 1 x 1 box,
containing the Laplace-Beltrami operator, corresponds to the eigenvalue problem for the
4d gaugino and its KK replicas, arising from g in (5.1). The lower 3 x 3 block, on the
other hand, corresponds to the squared Dirac operator for the fermionic superpartners of
the 4d scalars, since it exactly matches the 3 x 3 blocks of (4.3). As the diagonalization
of (5.10) proceeds exactly as in section 4.1, we will not repeat it here.

5.2 Non-vanishing p-terms

Let us now turn to the type I vacuum with p-term of subsection 2.3.2. An obvious difference
with respect to the case without p-term is the contribution of the background fluxes to the

internal Dirac equation, which now reads

_1 [ M3R3 . MR . - -
— (2 1 123 156 — 123 156 511
/= (2n) (—Rle VUt R en (7122 +9°) (5.11)

where we have again used the condition M3R3/Ry = MgRg/Rs. Hence now we have that

- - ) ) 1
7123 —i—’yl‘% = 01®01 Q102 —01 Q102001 = 591 ®(0z®0, — 0, ®0%) (5.12)

and so f does not kill xi1,, as expected from a compactification with non-trivial p-terms.

As a result, F does not vanish, and we have that

D+F = | & | 4 (5.13)
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where ¢, is now defined as in (4.8). The r.h.s. of eq. (5.4) then reads

Ind™ 0 0 0
0 o™ —auéza —auézg
0 €ﬂ(§53 DO €ﬂ(§zl
0 sﬂégz —qﬁgl DO — si

~(D+F)(D+F) = (5.14)

Note that even in this more involved case, where F # 0, the operator matrix (5.14)
is block diagonal, as expected from 4d supersymmetry. Again, we can identify the upper
block with the gaugino + KK modes eigenvalue equation and the lower one with that for
the 4d holomorphic scalars of section 4.2.%% Hence, the diagonalization of (5.14) proceeds
exactly as for the bosonic sector of the theory.

6 Matter field wavefunctions

Recall that in our general discussion of section 2, we considered a gauge subsector U(N) C
Ggauge and a U(N) gauge field (2.11) whose vev broke this gauge symmetry as U(N) —
[L; U(ni) = Gunbe. Just like in the more familiar fluxless case [13], from this gauge breaking
pattern we obtain 4d fields transforming in the adjoint representation of each U(n;) factor,
arising from the fluctuations contained in (2.13) and their fermionic partners, as well as
4d fields in the bifundamental representations (n;, i), arising from those in (2.14).2* Up
to now we have focused on those open string modes that correspond to U(n;) adjoint
representations or, otherwise said, on those wavefunctions arising from (2.13). As we
have seen, both the mass spectrum and the internal wavefunctions of these modes are
directly modified by the closed string background flux F3 and by the torsional metric of
the compactification manifold M.

While this sector of adjoint representation modes already gives us a lot of information
on the interplay between open strings and background fluxes, for phenomenological pur-
poses it is clearly not the most interesting one. Indeed, from our recent experience with
D-brane model building (see, e.g., [3, 12, 54]) we know that the bifundamental modes aris-
ing from (2.14) and their fermionic partners can in principle reproduce the matter content
of the MSSM from their lightest modes. Since these light matter fields wavefunctions are
crucial to compute effective theory quantities like Yukawa couplings and soft terms, an
essential question to be answered is how they are affected in the presence of background
fluxes. We will devote this section to obtain the spectrum of bifundamental eigenmodes
and eigenfunctions arising from the expansion (2.14), leaving the discussion in terms of 4d
effective theory for the next section.

#Had we chosen to write eq. (5.4) in terms of U*, we would have obtained the lower 3 x 3 block of (4.8)
instead of the upper one.

24Tn a more complete discussion of these type I flux vacua one should consider i) The full gauge sector
Ggauge = Spin(32)/Zs, that could in principle give rise to (ns,n;), symmetric and antisymmetric represen-
tations of Gunbr. @) The spectrum arising from the inclusion of D5-branes. iii) The action of the orbifold
on the open string sector of the theory. None of these points will be essential for the computations of this
section, so in order to simplify our discussion we will not consider them for the time being. A more detailed
analysis will be carried on [28].
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As can be guessed from the magnetized D-brane literature, matter field wavefunctions
will not only be affected by closed string fluxes like F3, but also by the open string magnetic
flux F5 = dA under which they are charged. As we will see, the resulting wavefunction
can be understood as an open string mode charged under an effective closed + open string
magnetic flux, with the relative densities of both kind of fluxes entering the wavefunction
in a rather interesting way.

Let us be more precise and let us consider the gauge symmetry breaking U(N) —
U(pa) x U(pg). In the twisted tori examples of section 2.3, this breaking will be induced
by an open string flux F» with indices on the T? x T? base of Mg and of the form??

Ml
F=2r Z <ma no 0 ) da® A daht? (6.1)

k
T2 0 mBHnB

with ng +ng = N and pp = g.c.d.(na, nam}, nam3, namim3), A = o, 3. For simplicity,
we will assume that ny, m’f\ € Z, which in the language of [13] corresponds to a compacti-
fication with Abelian Wilson lines.

Given this particular choice of open string flux, we can proceed with our dimensional
reduction scheme of egs. (2.13) and (2.14). Here (B) = (B Uy, where Uy is defined
by (2.12) and (B") can be chosen to be

(BA> =7 Z mlf\[xkdxk+3 — xk+3d$k] A=a,p (6.2)
k=1,2

where, again for simplicity, we have set all Wilson lines to zero. The gauge transformation
of a U(V) adjoint field along a non-trivial closed path v is then

W — exp [1'7{<BA>UA] W - exp [—iﬁ(BMUA} (6.3)

so for a (N, nﬁ) representation we have

AR LIS I Wb — mlags ol (6.4)

ik ok
Ly T Wob _, e~ ol

where the dots in the L.h.s. indicate a possible accompanying action on the fiber, as dictated

by the structure of our twisted torus Mg (see e.g. (2.50) or (2.56)), and k = 1,2. We have
k

also defined Isﬁ =mp — mg, following the conventions in [13].
Finally, consistency with the equations of motion for F5 requires that Iéﬁfgﬁ < 0. Let

us in particular assume that Iiﬁ >0>1 0143, and introduce the quantities

1 Igﬁ Iclyﬁ
- 1 6.5
TET on <R2R5 RiR, (6.5)

25Note that the Bianchi identity, dF> = 0, does not allow to turn on a magnetic flux along the fiber of
M. As a result, for the examples at hand fMe F3 =0 and the resulting 4d spectrum will be non-chiral.
We nevertheless expect that the general results for matter field wavefunctions obtained below remain valid
for more involved, chiral flux vacua.
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so that o_ is the total density of flux F5, whereas o, is proportional to the D-term induced
by F» [55]. One can check that the SUSY conditions for F» amount to [56, 57]

1
J2/\F2—§F23:J2/\F2:0 & 0,=0 (6.6)

6.1 W bosons

Let us start considering the 4d vector bosons w, in (2.14), transforming in the bifunda-
mental representation of Gyuby = U(nq) x U(ng). The internal profile of such open string
mode is given by the scalar wavefunction W = W# €qs, With components WP satisfying
the equation of motion

D™D, W8 = —m¥, Wl (6.7)

with
Dy WP = 0, WP —i((Bg) — (B))WP (6.8)

in agreement with our notation in egs. (2.38) and (2.39). Note that (6.7) reduces to (3.1)
if we set (BM) = 0, so it is reasonable to expect a structure of KK modes similar to the
one found in section 3.

In particular, for bosons in the adjoint representation we have seen that KK modes
not excited along the fiber do not feel the closed string fluxes at all, and so they present
the spectrum of a standard, fluxless toroidal compactification. The same result applies
to W bosons, in the sense that if W*? does not depend on the coordinates of the fiber
d becomes the standard partial derivative. As a result, (6.7) becomes in this case the
equation of motion for a W boson in a magnetized T2 x T2, and their spectrum follows
from the results in [13]. Indeed, the lightest mode, of mass mj, = |o_|, is given by

WCVB (07.717]2 ~/ ~/ N H z7r‘[k Im Ek/Im 7:]; 19[ aﬁ'] (| 6|Z]<;,| | )
k=1,2

2 \'/? 3= x4+%’x1 # =iR/R
_ Im #)1/4 1= 1 1 /24 69
N <V01M6> H (1Zaltn 74) 3 a?fHe®  H—iRs/Ry O

where again we have defined a non-standard choice of complex structure. As in [13], a full
KK tower can be constructed from (6.9) by applying appropriate raising operators.

On the other hand, for modes with non-vanishing Kaluza-Klein momentum along the
fiber, some subtleties arise. Let us for concreteness focus on the example without flux-
generated p-terms of subsection 2.3.1, whose gauge boson spectrum was analyzed in sec-
tion 3.1. There, we saw that in practice one can trade the effect of a closed string flux
on Mg by an appropriate magnetic flux F2Cl = 2mkgM (dzt A dx? 4 dz* A dx®) on the
T? x T? base of the fibration. Since now our W boson also feels the genuine open string
flux (FQO‘ﬁ)Op = QW(Iédel Adzt + Iéﬁdﬁ A dz), it is natural to consider a total, effective
magnetic flux defined as (Fy)eg = Fy¥ + F§', which in this case reads

(Faﬁ)eﬂ? = 2ndat A (k¢ Mda® + Iéﬁdx4) + 27 (k¢ Mdz* + IgﬁdacZ) A dad (6.10)
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and to expect that our open string modes behave as particles charged under (Fy)eg.25

In our example, the choice of T2 x T2 metric (2.46b), guarantees that both fluxes FQCl
and F,P are factorizable, in the sense that they can be decomposed as Fy = F2|(T2)¢ +
FQ\(Tz)j, with (T?%); and (T?); two orthogonal two-tori. In turn, this property implies
that their associated lowest KK mode can be written as a product of two theta functions,
which in the case at hand are given by (3.20) for F§' and (6.9) for F,®. Note, however,
that (Fy)eg = Fy° + FS! will in general not be factorizable, and so we cannot expect the
associated lowest KK mode to be again a product of two Jacobi theta functions, but rather
a Riemann ¢-function [13]. Hence, for matter modes excited along the fiber we would

expect a lowest KK mode wavefunction of the form

Wélgyk?()jééjQ) - N ei7r(N~;?)~(Im Qu)~1Im z 9 [é] (N . Z:N - QU) 627ri(k3a:3+k6x6) (6.11)

where 7 € C?, and N and Qu are 2 x 2 real and complex matrices, respectively. The
definition of the Riemann 9J-function and its properties can be found in appendix F.
Indeed, one can check that the ansatz (6.11) is a solution of (6.7), (2.50), (6.4), with

mass eigenvalue m%,v = Ai?”,% + p, if we set?”
zt x! _ _
=", +Qu- |7, Qu=B"'-U-B-Q (6.12)
x x
and
—Il, —keM &g
N = ( af % ) Q:i<R4 R5> (6.13)
keM 135 0 7
B — \or Ry 0 U~ CO.S ¢ sin ¢ (6.14)
0 Ry —sin ¢ cos ¢
2Rsdet N 1/2 >4 2
= —=——— NeZ 6.15
N < RQVOIMG > J < ( )

where we have defined the effective flux density p and the interpolation angle ¢ as?®

kee 2 Pel kee
N Y Py i tan ¢ = L4 = 6.16
p Pap + o o° < 6> an ¢ oo o (6.16)

Note that N and Qy satisfy the convergence conditions (F.21) that allow (6.11) to be
well-defined, and that the degeneracy of each level is given by det N. Moreover, under
the lattice transformations (2.50a)(2.50f), W transforms as dictated by (6.4). Finally,

?0Tn the next section we will see that, in the T-dual setup of type ITB flux compactifications, (6.10)
translates into the gauge invariant field strength 7 = F> 4+ B in the worldvolume of a D7-brane.

27See [17] for a similar set of wavefunctions recently derived in the context of magnetized D9-brane models
without closed string background fluxes.

21n terms of the open/closed string correspondence of section 3.1, we have the relation pa = g ¢ maux,
with g = Rgl a coupling constant, ¢ = kg an integer charge and maux = € the flux mass scale.
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¢ interpolates between the two choices of complex structures (3.21) and (6.9). In the
limit ¢ — 7/2 we recover from (6.12) z; = Z; and the factorized wavefunctions (3.20) for
neutral bosons, while in the limit ¢ — 0 we obtain z;, = 2, and the wavefunctions for
charged bosons without KK momentum along the fiber, given by (6.9).

In order to build the full tower of Kaluza-Klein excitations for the charged bosons,
we can systematically act on (6.11) with the holomorphic covariant derivatives defined in
appendix F, which for the case at hand read

ai = Dy +isin ¢ Dy —i cos ¢ Ds (6.17)
ag = Dy —icos ¢ D —isin ¢ Ds (6.18)

Indeed, note that the deformation angle ¢ is such that
Im Q' - N = (Im Q)" N (6.19)
and as a result [aJ{, a;] = 0. This allows us to write a number operator
N =D,D"+p (6.20)

and to build the full KK tower of states by applying (al)"*(al)* to (6.11). The resulting
spectrum of masses is given by

k3\> (ke \° -
miy = <_3> + <_6> +(n+1p+ (2k—n) 749 k,neZ (6.21)
R Rg p
where £ =0,...,n.

Interestingly, for a vanishing D-term o4 = 0 the effective flux (6.10) factorizes, and
so the Riemann ¥-function in (6.11) becomes the product of two ordinary ¥-functions. In
that case, the complete tower of wavefunctions is given by

1/2 ‘a b

aB,(k,61,02) _ 2ﬂpR1R5> <x ) <x )
W, =\~ V| —= | Yk | —= | % 6.22
,k3,ke < VolMG 81782262 \/5 \/5 ( )
X€xp [27” ((—52—k6M81 —i—Iiﬁsz)xZ—l—kgmg—i—(él—Iéﬁsl —|—k6M32)gg4+k6556)]

with dp =0...g.c.d(kgM, I 56) — 1. Note that these wavefunctions have the same structure
as in (3.16), but now they localize along the tilted coordinates

1 4
8= o 7”[52 + kM (2! + 51) — I24(2° + 52)]
ibzi 4—7T[51—Il (x4 51) + kg M (2° + 59)]
R4\ p o

Alternatively, we could have derived all the above results by considering an extended
version of the algebra (2.41), accounting for the D9-brane gauge generators, and then
making use of the representation theory methods described in section 3.2. More precisely,
we know that the algebra (2.41) is part of the four dimensional gauge algebra, corresponding
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to the gauge symmetries which arise from dimensional reduction of the metric tensor. This,
however, is not the full 4d gauge algebra. In particular, in the presence of D9-branes, we
should also include the generators of the U(1) gauge symmetries arising from such open
string sector [27, 58]

[Dm’ﬁn] = _frz;mﬁp_'_iFﬁmUa (623)
[ﬁnu Ua] = [Uom Uﬁ] =0
where the covariant twisted derivatives D, are defined as in (6.8) and the Abelian gauge
generators U, by (2.12).

Given such extended algebra, it is straightforward to apply the methods of section 3.2
and appendix D to compute its irreducible unitary representations. For the case at hand,

we find the following two sets of irreducible unitary representations?
5
Tk ,k2 ks kaks = H exp[2mik, "] (6.24)
r=1
; 3 % 2,2 a’ 1 4 a!
Tks3,ke kg —CXDP |:27T2 <k3x + k¢ <Tr Aop + Iaﬁm <35 + 7) — Iaﬁ$ (81 + 7)))

1 5
+kg <x6—Mx2 <81+%> +Ma* <S5—|—%>>:| u(sy+a!, s5+2°) (6.25)

where u(5) € L?(R?) and Tr A,g is the trace of the gauge parameter (i.e. the unphysical
coordinate in the U(1) ~ S' D9-brane gauge fibers). Note that there is a new natural
quantum number k%’ which we did not find in our previous analysis.

Plugging now (6.24) and (6.25) into (6.7) we find that, indeed, the unirreps (6.25)
with k%% = 1 lead to the matter wavefunction solutions (6.11), as well as the more massive
replicas produced by acting with aJ{, a;. It would then seem that those unirreps in (6.24)
with k%% # 1 would not correspond to any physical modes, somehow against the general
philosophy of section 3.2. Let us try to argue that such modes do exist.

First, let us consider the meaning of k% € Z. If we set k*? = 0, then from (6.24)
and (6.25) we recover the vector boson adjoint modes (3.16) and (3.18) of section 3. In-
deed, (6.24) directly correspond to adjoint bosons without Kaluza-Klein momentum along
the fiber, given by (3.18), while (6.25) with k** = 0 correspond to the adjoint bosons with
Kaluza-Klein momentum along the fiber, given by (3.16). This is not a surprise since,
after all, the KK modes of section 3 arose from the irreducible unitary representations of
a subalgebra of (6.23). What is perhaps more illuminating is the fact that neither of the
above subset of modes satisfy eq. (6.7), but rather the Laplace-Beltrami equation (3.1) for

29For completeness, let us present the coadjoint action of the algebra:

1
K(G)(g1,92, 93, 94,95, G, g) = <917 92, g3+ §(Mgzw4 + I35912%),

1 1 1
91— 5(92Ma” — gilapa'), g5, g6 + 5(92Ma' — ulgsa®), g — 5(92Ma” + glfigx4))
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a neutral boson. This clearly suggest that the internal differential equation that should be
satisfied by an arbitrary wavefunction arising from (6.25) is given by (6.7), but with the
gauge covariant derivative defined as

Dy WP = 9, W8 —ik*S(BY) — (BEYWP kP ez (6.26)

instead of (6.8). In this sense, the massive modes corresponding to k? # 1 should be
understood as states with U(1) charges k*? (—na,ng), which hence undergo the gauge

transformations
P 1, WoB _ ik lagrt P yyal (6.27)
AR Lan Uty I WeB _, ik Igat pap
In particular, those states with k*? = —1 correspond to the bifundamental representation

(na,ng), whose wavefunction can be obtained by complex conjugation of (6.11). Finally,
those modes with |[k*?| > 1 should be non-perturbative in nature, as they cannot arise
from the perturbative open string spectrum.

Note that the existence of these exotic non-perturbative charged vector states is not
only suggested by the spectrum of unirreps (6.25), but also required by global symmetry ar-
guments. Indeed, the 4d effective action of the untwisted D9-brane sector is given by a N =
4 gauged supergravity, whose global symmetry group is SL(2) x SO(6,6 + N), and where
N = nq + ng is the number of extra vector multiplets coming from D9-brane gauge sym-
metries. The spectrum of 4d particles is therefore naturally arranged in multiplets of this
global symmetry. In the particular example at hand, the global symmetry group includes
a Zo generator corresponding to the open/closed string correspondence discussed in sec-
tion 3.1. This generator maps neutral bosons with Kaluza-Klein momentum |kg| > 1 along
the fiber to non-perturbative charged bosons with U(1) charge |k*?| > 1. Making use of
this global symmetry, we would expect the following masses for the non-perturbative modes

ks 2 [ ke \? -
miy = (3_3 > ! <R_6 ) + (04 D) pup, + (2K — ) (6292 0= (6.28)
3 6 Pn.p.

. = \/ (kB )2+ (%) (6.29)

Finally, note that the algebra (6.23) is still not the full four dimensional gauge algebra.

where

There are further gauge symmetries which arise from dimensional reduction of e.g. the RR
2-form. In particular, the RR 3-form fluxes enter as structure constants of the complete
4d algebra [58]. We expect the irreducible unitary representations of the complete four
dimensional algebra to encode further untwisted states of the higher dimensional string
theory. We leave the exploration of these issues for future work.

Similarly, we can work out the wavefunctions for the charged bosons in the example
with non-vanishing p-term of subsection 2.3.2. In that case, the total effective magnetic
flux is given by

(FyP Vo = 21 (I} gda® A da* + I2 4d2® A dz® + ks Mzda' A da? + kgMedz! A dz®)  (6.30)
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Recall that for this vacuum we should distinguish between bosons with no Kaluza-Klein
momentum along the S' fibers, bosons with Kaluza-Klein momentum along only one of
the fibers, and bosons with momentum along both of the fibers. We can easily adapt our
previous discussion in this section to describe the wavefunctions for the first two types
of bosons. Indeed, it is not difficult to see that the wavefunctions for charged bosons
without momentum along any fiber are given again by eq. (6.9), whereas the wavefunctions
for charged bosons with Kaluza-Klein momentum along only one of the fibers, e.g. k3 #
0, k¢ = 0, are given by eq. (6.11) with the same parameters 2, £ and B, but with charge

matrix, deformation angle and effective flux density given by

—IL, kM kse ke, \ 2
< 0 12 R W P=y=T ( Rs ) (6:31)

The set of charged bosons excited along both fibers, with arbitrary k3 and kg, is however a
more involved sector, and in particular does not fall into the class of functions (6.11). This
basically comes from the fact that F5 has then all the possible components of the form
dz' A dz®. We refer to the reader to appendix F for a more precise statement as well as a

more detailed discussion of this point.

6.2 Bifundamental scalars and fermions

Just like for adjoint KK modes, the wavefunctions for bifundamental scalars and fermions
are easily worked out once that the 4d vector boson wavefunctions are known. Note that
these bifundamental KK modes are particularly interesting in semi-realistic flux compact-
ification vacua, since they correspond to the MSSM matter fields and their KK replicas.

As before, let us start our analysis by considering the scalars in the bifundamental.
From eqs. (2.38)—(2.39), we see that the corresponding mass matrix can be obtained from
the one for adjoint scalars analyzed in appendix E, by simply replacing twisted derivatives
Om by covariant twisted derivatives D,,, and adding a term proportional to <G%£;> In
particular, for the example without u-terms discussed in subsection 2.3.1 we obtain the
mass matrix

1l N
e _511276 0 0 0 0
eDg  —m 0 0 0 0
PN 0 0 0 O 0 O
M = D,,D™Is + o R (6.32)
0 0 055 —eDs 0
~ 2
0 0 0 eDs 5 0
0 0 0 O 0 O

where again ¢ = M Rg/mR1 Ry and we are using the conventions of (4.2), with 5%2734 now
complex functions. Like in the case of adjoint scalars, this matrix is block diagonal, and so
it will be enough to diagonalize the upper 3 x 3 block. Note that both blocks are related
by an N' = 2 R-symmetry transformation. However, it is important to notice that, since

we are dealing with charged modes, this transformation takes o, — —o.
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For the upper 3 x 3 block we find the eigenvectors

0
1

o3”

with mass eigenvalue mq) = m},, and with WeB(Z) the wavefunction of a charged boson.
In addition, we find

o_Fp
o’ = | ieke | Wol(x) (6.34)
0
with mass eigenvalues m3 L= m%,V + o4 £ p. The R—sgfmmetry conjugates ® has then
mass eigenvalues méi = m%V — o4 + p. Thus, &1 and P lead to scalars with masses

m%+:< >2 < >2+ n+2)p+ 2k —n)oyo_p (6.35)
m<21>2< )2+< >2+n,0+ (2k —n)oyo_p* (6.36)
mg, = ( >2 < >2 +(n+2)p— (2k —n)oro_p? (6.37)

k k -
b= (i) () oo o

Then, as expected, for supersymmetry preserving open string fluxes we observe two mass-
less modes, whereas for generic fluxes there is always a single tachyonic mode.

Similarly, if we analyze the charged scalars in the example with non-vanishing p-term
of subsection 2.3.2 we have to diagonalize the following mass matrix

Il

— —au?zs —euD2 0 0 0
euDs —= eba 00 0
M = D, D™ + euDz —e,Dn —le,)? I? OA OA (6.39)
0 0 0 =g —euDss —euDx
0 0 0 euDs it euDa
0 0 0 %f)z? 5uD —lewl®

with €, = M3R3/2m R Ry. This is again a non-commutative eigenvalue problem, that can
be solved with the aid of the commutation relations

[Z\)Z1,Z\)32] = [ﬁ51,ﬁ32] = _5uﬁz3 (6.40)
ﬁ217ﬁ22] - [le,ﬁzQ] - €Mﬁ23

R R R R I? R

(D D™, D 2] = _5uDz3(Dz1 + Dzi) — WRZi:% 52

R R . R R I? R

[DmDm,Dzz] = —5uDz3(Dz1 + Dzl) + WRQQBRE) 52
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. . I, .
D,.D™. D] = <D7D D D7>— b
[ m 21] o 22003 + D25 7TR1R4 z1
. . I,
[DnD™ D] = ¢, (DEQDZ;), n DZQDE;),) + - Rjia D

in close analogy with what we did for the neutral scalars in section 5.2. For the upper 3 x 3
block in M, we obtain the eigenvectors

ﬁgl
3= | D2 | W(Z) (6.41)
ﬁgl’)
with mass eigenvalue még = m%V and
ﬁzabg1 + Thibz2
Dy = D.sDs —miDo WP (z) (6.42)
ﬁzsﬁ23 + mi — 26;17”hi0+

with mass eigenvalues mé L= m%,v + e,m4, and m4 given by the quadratic equation

— miye, + ey —m(e, £201) g0 =0

(6.43)
so that
1 2
mg, = 1 <5u +\/e2 +4mi, + (5“10+)2> - (6;10+)2 +o4 (6.44)
Analogously, the lower 3 x 3 block in M leads to the conjugate scalars
ﬁzl ﬁ23ﬁzl + ’1’7”L¢Z\)52
P3=| Do | W@ D DssD,» —mzDx Wb (1) (6.45)

D.,s

DzsDs 4+ m2 + 2, 'igoy

with mass eigenvalues

2

1 - S
mg, = m3, and m%i =1 <€M + \/ai + 4m?, + (€u10+)2> — (5“10+)2 — o4 (6.46)

As in section 4.2, special care has to be taken with the zero modes. The vectors (6.41)—
(6.45) break down for the lightest modes, and the latter have to be taken apart. After some

thinking, it is not difficult to see that the vectors (6.41)—(6.45) have to be supplemented
with the lightest modes

1

0
@)= |0 |Wwe? (@)= |1|wW’ (6.47)
0 0

Z1,25) is given by eq. (6.9). The mass eigenvalues are respec-
tively mgbo = o4 and méo =—04.

where WP = et (02
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Finally, let us compute the wavefunctions for the bifundamental fermions. These
again satisfy an equation of the form (5.2), where now the covariant derivative must be

incorporated
0 D, D, Dy
-D —D.s D.
D — Dy = Dzt 0 S (6.48)

—D,2 D 3 0 —Dx
—Dys —D.2 D 0
Taking into account that the commutation relation for these operators is given
by (6.23), that !)"]’d—C = 0 and that the only non-vanishing components of the open string

magnetic flux are Fj7 and Fys, we have that

0+ f23D f31D f12 “a
f82 Do 0 f21D f51 Da

—DaA*Dap = D, D™, + . 6.49
" 20 i3 D i l? 7~ 5 Dy | )
f21Da fnga fggDa 0+
Hence, in our example without p-term
-0y 0 0 O
o 0 —eDg 0
—DA*Da = D, D™, + oo e (6.50)

0 0 0 o4

which again contains the upper 3 x 3 block of the scalar mass matrix (6.32), with the
diagonal shifted by 0. Therefore we obtain the same eigenvectors (6.33) and (6.34), but
now with masses
Uy — mgbi —oy U, — m%i +oy (6.51)
and similarly for Wy, and W3. This indeed reflects the D-term breaking of the charged
N = 2 supermultiplets caused by an open string flux with o, # 0.
Similar considerations apply also for the charged fermions in the example with non-
vanishing p-term. Indeed, in that case we have that

o, 0 0 0

. o —e,D,;s —e,D,»

—(Da +F)*(Da +F) = D, D™1 N
(Da +E)(Da+F) = Dul™Li + enDs —o_  e,Da

2
I

0 6“1\)52 —€uﬁ21 g4y — €&
so again the eigenvalue problem is already solved by the knowledge of the bosonic sector.
Indeed, comparing with (6.39) we see that these states have the same eigenvectors than

their scalar superpartners (6.41) and (6.42), with their masses given again by eq. (6.51).

7 Applications

30

Having computed the open string spectrum in several type I flux vacua,”” we now would

like to apply these results to understand better the effect of fluxes on open strings. First

30 Tt should be noted that our discussion misses those open string modes which are genuine stringy
oscillations and therefore cannot be captured by a supergravity analysis.
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we will consider the effect of fluxes on the open string massive spectrum, and in particular
how they may break the degeneracies present in fluxless compactifications. Second, we will
focus on the light spectrum of the theory, and compare our results with those derived from a
4d effective supergravity analysis. Finally, we will consider a type IIB T-dual setup, where
the open strings arise from a stack of D7-branes in the presence of G fluxes, and translate
the effect of fluxes on open strings to this more familiar picture. Further applications of
the above results will be explored in [28].

7.1 Supersymmetric spectrum

As emphasized in the literature, flux vacua based on twisted tori are special in the sense
that they are directly related to 4d N' = 4 gauged supergravity. Moreover, in the vanishing
flux limit (¢ — 0 for the vacua of section 2.3) one should recover the N' = 4 spectrum
of a toroidal compactification. Hence, in general one would expect that the flux lifts the
mass degeneracies of the N' = 4 spectrum by an amount directly related to e, so that the
previous 4d N = 4 supermultiplets split into smaller ones.

In particular, for the type I flux vacua of subsections 2.3.1 and 2.3.2 the flux breaks
the bulk /' = 4 supersymmetry down to N’ = 2 and N = 1, respectively, so the neutral
open string modes of sections 3, 4 and 5 should feel such kind of splitting." On the other
hand, the open string flux Fy already breaks N' = 4 — N = 232 and so the charged,
bifundamental modes of section 6 could feel the effects of fluxes in a rather different way.
Finally, let us recall that for the vacua of subsection 2.3.1, no multiplet splitting occurs at
the massless level, while for the vacua of subsection 2.3.2 this is clearly the case. It is then
natural to wonder how these facts will translate in terms of the full massive spectrum of
the theory.

In order to classify our spectrum let us recall the content of massless and massive 4d
N =1 vector and chiral multiplets. Following a notation similar to that of sections 3 to 6,
we have for the massless N/ = 1 multiplets

neutral charged
vector (A% = (B*, %) (A%)y = (Wb, \I/%f) (A%B)g = (WP, \TJ‘;‘Vﬁ)
chiral — (Cp)o= (&, 05) (o= (2" 1) (7)o = (", 7")

where neutral multiplets contain particles in a real (in our case adjoint) representation
of the gauge group Gunnr, While charged multiplets transform in complex representations
(in our case the bifundamental rep. of section 6). The index « runs over the factors of
Gunbr = [[, U(na), and the same applies for 4. The index p labels instead different chiral
multiplets inside the same representation, and in our case takes the three different values

31n fact, recall that for consistency we need to add a Zs (or Zax ) orbifold that induces O5-planes wrapping
the twisted torus fiber, and that this already breaks N’ = 4 — N = 2 at the string scale. However, for those
open string sectors that are untwisted (i.e., not fixed by the orbifold action) neutral, and not related to D5-
branes, the tree-level fluxless spectrum arranges indeed into N' = 4 multiplets, and the present discussion
applies. For the twisted open string spectrum one just needs to take into account the effect of the orbifold
on the wavefunctions, along the lines of [15].

32For simplicity, we will assume a supersymmetric (o = 0) open string flux F».
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p==+,3, as in (4.4) and (4.6). Finally, A%® and C,’ contain 4d spinors of positive chirality
and A*% and @;‘ of negative chirality, and the above degrees of freedom should be completed
with their CPT conjugates.

For massive A/ = 1 multiplets the above picture has to be slightly modified. In par-
ticular, gauge bosons eat extra degrees of freedom in order to become massive through the
standard Higgs mechanism, whereas chiral fields group into vector-like combinations. We
can thus express their field content as

neutral charged
vector A% = (A% + (C§)o A% = (A%)g + (AP)g + (C57)0 + (C57)o
chiral Cy =(CY)o Ciﬁ = (Ciﬁ)o + (éiﬁ)O

where we have taken Cs to contain the degrees of freedom eaten by the gauge bosons, in
agreement with the notation in sections 4.2, 5.2 and 6.2.
On the other hand, massless N’ = 2 vector and hyper multiplets are given by

neutral charged
vector B% = A* B = A
hyper HE=cC% MY =cY’

where H; are in fact half-hypermultiplets. For N = 2 massive multiplets we have
V¢ =B +HY +H

and similarly for VY, looking like N' = 4 vector multiplets. Finally, we may also have
ultrashort A/ = 2 massive multiplets, containing the same particle content as massless
N = 2 multiplets B and H and corresponding to %—BPS objects of the theory.

Let us now go back to the two main families of flux vacua analyzed in the previous
sections. In tables 1 and 2 we summarize, respectively, the resulting neutral and charged
spectrum for the class of N' = 2 compactifications with vanishing p-term introduced in
subsection 2.3.1. We have taken a supersymmetric configuration of the open string flux
(i.e., o4 = 0) and we have introduced the shorthand notation

o\ 2
2 _ T
Akil Kigyeer — Z <R_7"> (7.1)

r=1%1,12,...

for the squared mass of a fluxless, toroidal KK mode. The open string field content in
this class of compactifications can be arranged into different 4d N' = 2 multiplets. More
precisely, for the neutral sector of the open string spectrum there is a tower of standard
N = 2 massive multiplets V* associated to each irreducible unitary representation of the
closed string algebra (2.41), plus an extra tower of ultrashort N' = 2 hypers H®. Since in
principle the multiplets V* can be identified with vector A" = 4 multiplets and H® cannot,
the latter can be seen as a clear effect of the N' = 4 — AN = 2 supersymmetry breaking
induced by the closed string fluxes into the open string sector.

At the massless level the theory contains of a single neutral N' = 4 vector multiplet
(V)0,0,0,00 for each adjoint representation of Gynhe = [[, U(na), and |Iéﬁfiﬁ| charged
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Multiplets (Mass)? Degeneracy
(V) ks ko ks ka ks AL ks kaks 1
OEST | A g+ el Ak 0+ 1) [ (B M) (n+ 1)
(M iy A%, ke (ko M)?

Table 1. Spectrum of neutral A” = 2 multiplets for D9-brane fields in the model with vanishing
pu-terms of subsection 2.3.1.

Multiplets (Mass)? Degeneracy
81,8
<vaﬁ>;ik;kg;) pln+ 1)+ A2y | [(keM)? — L 12 ] (n + 1)
NG
(H™ ),5;,3; AR ke (keM)? — 12512,
(H20)5" 0 [Lsl2s)

Table 2. Spectrum of charged A/ = 2 multiplets for D9-brane fields in the vanishing u-term model
of subsection 2.3.1, for supersymmetric open string fluxes.

N = 2 hypermultiplets (Ho‘ﬁ)éﬁ’h) in the bifundamental representation of U(nq) x U(ng).
Therefore the massless open string spectrum is the same than in flat space, and the same
applies to the open string wavefunctions. In fact, in the limit of diluted closed string fluxes,
on which the size of the fiber is much smaller than any other size (Rg < Ry with k # 6) the
lightest Kaluza-Klein modes (which correspond to the modes (V) ko ks ka ks i table 1)
also match with the ones in the fluxless case.

For the class of N/ = 1 compactifications with non-vanishing p-term introduced in
subsection 2.3.2, the further breaking of the supersymmetry to A/ = 1 and the presence of
the p-term makes the spectrum slightly more complicated. We have summarized in tables 3
and 4 the resulting neutral and charged spectra.?® The field content again corresponds to a
tower of N’ = 4 vector multiplets V for each set of unirreps of the closed string algebra, but
now with a mass mass splitting on their N' = 1 constituents induced by the fluxes. Indeed,
in terms of N/ = 1 representations, each multiplet V leads to one massive vector multiplet
and two chiral multiplets. For compactifications with vanishing u-terms all these multiplets
have degenerate Dirac mass mpg, thus assembling into a N/ = 4 vector representation.
For compactifications with non-vanishing p-term, however, the closed string background
induces a Majorana mass €, for one of the two chiral multiplets, leading to a mass-matrix

which is of the form3*
Eu MB C1
7.2
<C1 CQ) (mB 0 ) <62> (7.2)

The mass eigenvalues for this matrix are then given by

1 2
mg, —eyme, —mp=0 = m%izz<5ui\/5i+4m%> (7.3)

33 Actually, we present only that part of the charged spectrum computed in section 6.
34We thank E. Dudas for pointing out this structure to us.
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Multiplets (Mass)? Degeneracy
(Aa)k17k27k47k5 Azl ko.ka ks 1
(Aa)n k3 ,ka,ks |€H|Ak3 (2n + 1) + Aks ka,ks |k3M3|
(Aa)";c%lu,ke "gN’AkG 2“ + 1) + Ak2 ka,ke ’k6M6’
(A) Eul Bk is (2 +1) + AF L. ([kaMa), ko Ms|)
)
(CL )kt ko Jea ks % (6# - 52 + 4Ak‘1 k27k4,k‘5) !
P)
(C )n ez ka ks i <€ + \/8 + 4‘€M’Ak3(2n + 1) + 4Ak;3 k:4,k;5) ’k3M3’
)
(ce )n o,k ke i ( ef T 4lenlAgs (20 + 1) + AL k4,ks) [Fig M|
(62,05) z
(cs )n23247k6 i <5u + \/6 + ey Ay kg (2n + 1) + 4Ak3 ka) L.c.m.(|ksMs|, |ke Mg|)
(A%o 0 !
(€2)o 0 !
cy £ !

Table 3. Spectrum of neutral AV = 1 multiplets for D9-brane fields in the model with non-vanishing
pu-term of subsection 2.3.2.

Multiplets (Mass)? Degeneracy
(A9 p(n+1) + AL 11512,
CQ,@ (6) 1 + 2 4 1 4A2 Z Il 12

CE s | 2 <5u \/% +4p(n+1) + kg) [Loplasl

(105 0 a2l

Table 4. Partial spectrum of charged A/ = 2 and N' = 1 multiplets for D9-brane fields in the
non-vanishing p-term model of subsection 2.3.2, for SUSY open string fluxes (o4 = 0).

reproducing the result we obtained in (4.13). Hence, after the breaking to A/ = 1, one can
associate to each set of irreducible unitary representations a tower of massive N’ = 1 vector
multiplets and two towers of ' = 1 chiral multiplets, with their masses given by eq. (7.3).

Regarding the massless modes, for each stack of magnetized branes we have two neutral
N =1 chiral multiplets (C%)o and one N' = 1 vector multiplet (A%)y, while for each
pair of factors U(ny) x U(ng) C Gunhe we have |11 12ﬁ| charged N' = 2 hypermultiplets
(Ho‘ﬁ)(h’m (Caﬁ)(h’m + (Co‘ﬁ)(h’m in the bifundamental representation. Thus, of the
three originally present neutral N' = 1 chiral multiplets in flat space, we see that only
two remain massless in the presence of the closed string fluxes, whereas CS gets a mass
equal to 53. As we will see in the next section, this is also what is expected from the four
dimensional effective supergravity analysis.

Finally, let us point out that in the above discussion we have not included the effect
of the Zs,, orbifold needed for the consistency of the construction. In principle, this effect

could partially project out the spectrum above, as it is known to happen for the massless
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sector. This projection will however depend on the particular choice of orbifold action,>

and it can be implemented in our framework along the lines of [15]. We defer a more
detailed analysis of the different possibilities to [28].

7.2 Comparison with 4d effective supergravity

When analyzing the 4d effective theory of type I flux vacua we only need to keep a small
set of light modes in order to describe the low energy dynamics. Such dynamics can then
be encoded in terms of a 4d effective Kéhler potential and a superpotential which, at least
at tree-level, can be expressed as integrals over the internal space Mg. As a result, finding
vacua in the 4d effective theory can be translated into certain 10d conditions which, if our
effective theory is accurate, should describe 10d vacua.

The main caveat in the above approach is whether the appropriate set of light modes
has been chosen. Since in the presence of closed string fluxes the internal manifold Mg is no-
longer Calabi-Yau, it is in general not known how to perform the light mode truncation. A
popular ansatz is to take the set of massless modes of the Calabi-Yau ./\/(gY that is obtained
from Mg by ‘turning off” the background fluxes. This procedure is well-defined when the
fluxes are weak compared to the KK scales in MgY, but far from reliable beyond this
regime. For instance, considering type IIB flux vacua on warped Calabi-Yau manifolds,
non-dilute fluxes in general lead to strong warping effects, which could in principle lower
the mass of an o/ state below the flux scale.

Clearly, the same kind of observations apply to open strings and, in particular, to the
type I spectra analyzed above. Since we have followed a well-defined prescription when
dimensionally reducing our flux vacua, comparing the 10d approach with the standard
4d effective supergravity analysis can be made manifest, and it can be checked explicitly
under which circumstances both approaches agree. This will be the purpose of the present
subsection.

7.2.1 10d versus 4d approach

For SU(3)-structure compactifications with O9/05-planes, one can write the 4d Kéhler
potential and superpotential in terms of integrals over the internal manifold as [60, 61]

K = —log [—z/ QA Q*} — log[2e~%] — 2log [/ JNJTNA J} (7.4)
Me Me
W= QA (F3 4 ie=®2d.J) (7.5)
Me

with J and © the SU(3)-invariant 2-form and 3-forms of Mg, respectively. In addition we
can write F3 = F§1 + w3, where F§1 depends on the RR closed string fields and

2
wngr<A/\dA+§A/\A/\A> (7.6)

is the 10d Chern-Simons 3-form, containing the open string degrees of freedom.

35Indeed, for some choices of, e.g., Zs orbifold the massless chiral multiplets (C£)o in table 3 are projected
out, while for some other choices like in [59] it remains in the spectrum.
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Now, when the internal manifold is not Calabi-Yau, as occurs in the presence of closed
string background fluxes, a prescription to expand J and €2, and w3 in terms of closed
and open string light fields is in general not known. In that case, one usually proceeds by
expanding them in a base of harmonics for the Calabi-Yau manifold M§Y which results in
the limit of vanishing fluxes.

In our case, this prescription amounts to take either ./\/ng = T or a toroidal orbifold,
and so the wavefunctions used in our dimensional reduction should look like those that
arise from an unwarped 7. From our results on open string wavefunctions, it is clear that
this will be the case as long as i) the warping can be neglected and i) the light modes
of the compactification do not contain any KK mode excited along the fiber. Whether
neglecting the warping is a good approximation can be read from eq. (2.53). Using the
conditions it can be rewritten as

V2,7% = e+ ... (7.7)
T

where ¢ is the flux mass scale of our compactification, and the dots stand for Fy and J-
function contributions. Thus, away from localized sources and setting Fy = 0 for simplicity,
the warp factor can be taken constant for mEl > e. It is easy to see [34] that this is
guaranteed if we take \/01}3/42 > Volyy,, which in turn implies that mfﬁf{ > m{fa}ge
that no fiber KK mode will be a light field of the theory.

Indeed, as we will show below, under the assumption Voljlg/f > Voly, the 4d effective

and hence

supergravity succeeds in describing the spectrum of light modes that we have obtained by
dimensional reduction. On the contrary, in the regime where the volume of the fiber is
of the same order of magnitude than the volume of the base, the mass of the fiber KK
modes will be comparable to the mass of the base modes and lifted open string moduli,
and they cannot be omitted from the 4d effective supergravity description. As discussed
around figure 2, the wavefunctions of these fiber KK modes present interesting localization
properties, which should be added to the standard localization effects due to the strong
warping effects. It would be very interesting to see how their combined effect may affect
standard dimensional reduction.

Let us then take the limit Ry, > Rgp and truncate the theory to the lightest neutral

af,k

and charged modes, denoted in the following by ¢®* and ¢*¥F, respectively. In terms of

the notation of section 7.1, the scalar component of these fields are

(Do=¢™ g™ (=™ (9 =" £ip*? (7.8)
where the subscript 0 denotes the lightest KK mode of each tower. In the following we will
analyze the two and three-point couplings for this set of light fields.

7.2.2 2-point couplings

In supersymmetric compactifications to 4d Minkowski, the only source for scalar masses are
u-terms in the superpotential. In terms of these, the 2-point couplings in the 4d effective
action read?%

— 8 = Z5(M, M*)0,0" 0" (") + MM iy [ ZHM (M, M* )t (07)* + - - (7.9)

36In this section we will be working in 4d Planck mass units.

— 47 —



where we have expanded the effective superpotential and the full Kahler potential in powers
of the light open string fields ¢’ as

K(M,M*,p,0*) = K(M, M*) + Z5(M, M*)¢ i( A MR (7.10)
~ 1 i
W(M,p) = W(M) + Spi(M)¢'¢ + 3,Yuks0 ok +- (7.11)

and M stands for the full set of closed string moduli/light fields, whose Ké&hler potential
K is given by (7.4). The standard procedure in the 4d supergravity approach is then to
approximate (7.4) by the Kihler potential of a factorizable 7. For N/ = 2 configurations
of the open string flux Fj, this is given to quadratic order in the fields by [16, 21, 22, 62, 63]

3
_ |02 + |02
= —log (2s) + kzl —log(4t,ug) Z TR Z 160ty urty11z)1/2 (7.12)

where

Ra+3
R,

are the real parts of the moduli in a toroidal orientifold with O5/09-planes [64].
Under these assumptions, the integration of the superpotential (7.5) was performed

2s = gs/ Vol 2ty = 4wzg;1/2RaRa+3 U, =

a=1,2,3 (7.13)

in [11] for toroidal compactifications, obtaining the following expressions for the gravitino
mass and for the effective p-term of the lightest neutral modes®”

k _ kk rk
4\/— fl.] Mk \/% ij

where fj% are the (moduli dependent) structure constants of the algebra (2.41) expressed

myy = K2 (W) = (7.14)

in the complex basis. These equations, which depend only on the NSNS part of the
background, assume that the on-shell conditions (2.8)—(2.10) are satisfied.

Note that when the manifold is complex f{% = 0, the gravitino is massless and the
background preserves N’ > 1 supersymmetry in four dimensions [11, 65]. In that case,
from (7.9) we get

1 . .
— 8 = f Mo + ) aﬁ,lau af3,1\* +0 aﬁ,Qau 3,2\ *
Tugt, P (™) 16(t1u1t2u2)1/2( N (™) + Oup ("))
k k a2
_ 7.15
> MR (7.15)
ikt

and so, making use of the moduli definitions (7.13) we have

1/2 1/2
Js i 0\ * Js o Q * « « *
S Ry g, OO ) 0t
1 1 a
- 5 L5210 (7.16)
27;'5 Vola, (2 Ryy3)% 7Y

3"We have corrected a normalization factor ¢7 in eq. (3.46) of [11] and expressed the result in terms of
the conventions used in this paper.
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Let us see how this expression applies to the two classes of type I flux vacua that
have been analyzed in this paper. First, note that in the example of subsection 2.3.1 with
vanishing p-terms, the structure constants f{% are all zero. From (7.16) we see that then
all the lightest scalars remain massless, in agreement with the 10d result that there are no
flux-generated p-terms in this case. The open string massless content is therefore the same
than in a fluxless toroidal (or toroidal orbifold) compactification, as we have also concluded
from direct dimensional reduction of the 10d supergravity background.

On the other hand, for the example of subsection 2.3.2 we see from (4.10) that the
only non-vanishing structure constant whose all indices are anti-holomorphic is given by
f% = ¢,,. Hence, as expected from the 10d analysis all the light scalars (7.8) are massless

/4 3,

except for p>®. Moreover, after the rescaling ¢*® — 27 Rggs ! ©>® in order to have

canonically normalized kinetic terms, one obtains a 4d mass given by
miS,k = (gYMe,u)2 (7'17)

where gyn = (g;/ *Vol Me)fl/ 2 is the gauge coupling constant. Again, this matches the

result obtained in section 4.2 by means of dimensional reduction.?®

7.2.3 3-point couplings

Let us now turn to the 3-point couplings between the lightest modes and compare again
with the effective supergravity results. We will focus on those Yukawa couplings of the form

S = / dat Yy @PrinhPed o (7.18)

where % is some massless fermion in the bifundamental representation of U(n,) x U(ng),
and ¢* a complex scalar in the adjoint representation. Recall that in the specific closed
string background at hand, one cannot turn on a magnetic flux F, such that [ Me F$#0
since, in particular, such F» cannot be turned on the elliptic fiber Ils wrapped by the
Db5-branes. As a result, (7.18) is the only possible class of Yukawa couplings involving the
light modes of these constructions.

As usual, the coupling Y;;; can be obtained by dimensional reduction of the kinetic
term of the 10d gaugino, given in eq. (2.1), resulting in the expression [13, 16]

Yy = g2/t /M (WO (), (7.19)
6

with U3 and £F the corresponding wavefunctions for the 4d modes %% and ¢*, respec-
tively.

More precisely, in the two examples of flux compactifications considered above, the
only non-vanishing Yukawa coupling involving the two fermionic superpartners of %!
and 2 denoted as %! and 2 respectively, are given by

1 .. 5 , ,,, .y )
/M (WO ARG = —igunid 0, (7.20)
6

Yiss == ———7
g;/4V01%126

38There is a factor g%y with respect of the expressions in section 3.3 which can be explained from the
fact that the results in the previous sections have been obtained in the 10d Einstein frame, whereas in this
section we are working in the 4d Einstein frame.
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where we have normalized the wavefunction of 3 such that

/ (&)f&s =1 (7.21)
Me

The computation then exactly follows the one carried out in [16] for fluxless toroidal com-
pactifications. In terms of the moduli definitions (7.13) we have
P VR P
J1J1 77202
11 J2J3 7.22
o (7.22)

which can be compared with the standard expression for the physical Yukawa couplings in

Yio3 = —

4d effective supergravity

Yije = Y23 255 205) 7 (7.23)
where ?ijk is the holomorphic Yukawa coupling appearing in the superpotential. We then
obtain Yia3 = —i6j1j15j2jé, as in standard toroidal compactifications.

7.3 Comparison with T-dual type IIB vacua

An interesting feature of the type I flux vacua analyzed in this paper is that they have a
simple dual description in terms of standard type IIB flux compactifications. Indeed, if
we take type I theory in an elliptically fibered manifold of the form (2.28) and we perform
two T-dualities along the fiber coordinates a € Ils, we will obtain type IIB string theory
compactified on the direct product My = By x I (up to an overall warp factor) and
threaded by an NSNS 3-from flux H3. Regarding the open string sector, the type I gauge
theory analyzed in section 2.1 will be mapped to a set of O7-planes and D7-branes wrapped
on By, while O5-planes and D5-branes wrapped on Ily will be taken to O3-planes and D3-
branes, respectively.

This fact applies, in particular, to the twisted tori examples of section 2.3, for which
By = T*/Zs,. Following [66] and ignoring the presence of the orbifold for simplicity,
we have that the type IIB T-dual of these twisted tori is given by the following closed
string background

ds* = Z7 st s + Z dsta e (7.24a)
daz™\ 2
i = @2 | Y (Rude™? 4 Y (R_> (7.24b)
m=1,2,4,5 m=3,6 m
F5 = (1 + %19) dvoly, A dh (7.24¢)
T = ie” %0 = const. (7.24d)

with e® = gs/R3Rg, and h — Z 2¢~%= const. In addition, the internal 7% will be
threaded by RR and NSNS 3-form fluxes, which depend on the particular choice of T-dual
type I flux vacuum. In particular, the type IIB NSNS flux Hj is related to the choice of
structure constants in the type I elliptic fibration, while the RR flux Fj comes from the
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type I quantity F?P ® defined in appendix B. In particular, the type IIB duals of the vacua
in subsection 2.3.1 contain the fluxes

Hz = (27)* N (dz* A da® 4 dz* A da®) A da® (7.25a)
Fy = —(27)° M (dz' N dz® + da* A da®) A da® (7.25b)

that impose the supersymmetry conditions NRg = MR3ze? and RiRy = R4Rs, on
the closed string moduli of the compactification, identical to the ones obtained in the
type I side.?”

The type IIB duals to the vacua in subsection 2.3.2 contain, on the other hand, the
3-form fluxes

Hs = (2n) (M3 da® A dz® + Mg da® A da®) A dat (7.26a)
Fy = (27)% (Ng dz? A da® + N3 dx® A da®) A da? (7.26b)

that impose the SUSY conditions NgRje® = M3Ry4, N3Rie? = MgRy and M3RsR5 =
MgRoRg, again identical to the dual type I conditions.

Rather than analyzing the closed string sector of these type IIB vacua, we would like
to understand the dynamics governing the open string sector. In particular, we would like
to translate the type I open string spectrum to the present picture, and interpret the open
string wavefunctions of sections 3 to 6 in terms of type IIB quantities. In this sense, note
that the initial Ggauge = U(IV) gauge theory considered in section 2.1 will now arise from a
stack of N D7-branes, and that the gauge group will be broken to Gynpy = [[; U(n;) C U(N)
via the presence of a magnetic open string flux F5 on them. The analysis of the open string
Dirac and Laplace equations could then in principle be carried out via a dimensional
reduction of the D7-brane 8D U(N) twisted SYM theory, along the lines of [14]. Extracting
our wavefunction information from the type I T-dual setup, however, has the advantage of
automatically including the coupling of the D7-brane open strings to the warp factor and
to the background fluxes, which is in general only known for U(1) theories [39, 68].

In the set of type IIB vacua at hand, the stack of N D7-branes under analysis will
wrap 1% = (T?); x (T?) = {z',2* 22,25} and sit at a particular point in the transverse
space (T2)3. Setting F, = 0 and neglecting the effect of closed string fluxes, we obtain at
the massless level three 4d A/ = 1 chiral multiplets ®* in the U(N) adjoint representation,
which are nothing but the D7-brane moduli and modulini. More precisely, the bosonic
components of these multiplets are given by two complex Wilson line moduli ¢* arising
from dimensional reduction of the 8D gauge boson Ay on (T2);, i = 1,2, and by the D7-
brane geometric modulus ¢* in the (72)3 transverse space. In the absence of background
fluxes it is easy to see that these D7-brane moduli are mapped to the type I Wilson line
moduli via the dictionary

D7-brane D9-brane
Wilson line ¢! ¢? Wilson line (¢£12)y = 2
Geom. modulus ¢3 Wilson line (£3)g = ¢?

391n the type IIB picture these conditions come from imposing that G3 = F3—7Hj is a (2,1)-form [67]. For
general choices of complex structure dz’ = da’ + 7;dz'*3 in Hi(T2)¢ they read M73 = N7 and 7172 = —1.

,51,



where we are defining our type I fields as in (4.2) and (7.8). Turning on the closed string
background fluxes, it is easy to see that the same dictionary will still apply. Indeed, using
the results of [9, 69, 70] one expects the D7-brane Wilson line moduli ¢* to remain massless
in the presence of background fluxes, and the geometric modulus ¢> to generically gain a
mass. This latter point will of course depend on the choice of background fluxes and, by con-
struction, we expect it to differ for both set of fluxes (7.25) and (7.26). Indeed, applying the
analysis of [9] to the background fluxes above, it is easy to check that for the choice (7.25)
#° remains massless, while for (7.26) a u-term is generated which exactly reproduces (7.17).

In terms of wavefunctions, a more interesting sector is given by massive open string
modes. Again, in the absence of closed string fluxes one has the dictionary

D7-brane D9-brane
KK mode on (7?); x (T?)s KK mode on By ~ (T?); x (T?),
Winding mode on (72)3 KK mode on I, ~ (7?)3

between D7-brane and D9-brane massive modes. Let us now turn on background fluxes
and translate our type I open string wavefunctions to the type IIB setup via the above
dictionary. For simplicity, we will first focus on the gauge boson wavefunctions of section 3.
A general result is then that a D9-brane KK mode along the base By will never feel the
effect of the fluxes, while the KK modes along the fiber Il could indeed have a distorted
wavefunction. More precisely, a KK mode on the fiber will behave as an open string
charged under a magnetic flux F§' that depends on the IT; KK momenta.

In terms of D7-brane modes, we thus obtain that KK modes are unaffected by the
presence of type IIB G3 fluxes, while winding modes behave as magnetized open strings.
Indeed, it is not hard to convince oneself that a D7-D7 string winded around the closed
path v C (T?)3 can in principle feel different B-fields on both ends, and that their difference
is given by

AB|p7 = / H (7.27)
Y

as illustrated in figure 4. Moreover, for a closed Hs (7.27) will only depend on the winding
numbers of v, which upon T-duality translate into the KK-modes (ks3, kg) on the elliptic
fiber II5. Finally, one can check that computing (7.27) for the examples (7.25) and (7.26)
and mapping the result to the T-dual type I setup one indeed obtains the closed string
magnetic flux F§'. Hence, we can summarize the D7-brane winding mode wavefunction as

U = AP (7p,) - rithatHhor?) (7.28)

where k3, kg are the winding modes of v in (T?)3, £, = {z', 2% 2%, 2%}, and *F is the
wavefunction of an open string in a magnetized D7-brane wrapping B4, and whose magnetic
flux is given by (7.27). This clearly matches our type I T-dual results.

Turning now to the wavefunctions for fermions and 4d scalars, it is easy to see that
D7-brane KK modes should be insensitive to the presence of the flux. Winding modes, on
the other hand, should feel the background flux in a more involved way than their gauge
boson counterparts, as it is manifest from the matrix M that appears in their equation of
motion in the type I picture, and which contains off diagonal terms proportional to the
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Figure 4. Open string wavefunction for a D7-brane winding mode in the T-dual type IIB flux
picture. Even if both ends of the open string sit on the same point in the internal space, they feel a
different B-field due to the presence of the NSNS flux Hs and the extended nature of the winding
mode. As a result, D7-brane winding modes behave as open strings that end on D7-branes with
different magnetizations, and so do their wavefunctions.

components of F2d. In the case of the example (7.25) with vanishing p-terms on the D7,
the off-diagonal terms should correspond to those of (4.3), and they may be understood
as the mixing terms G} that usually appear in the equations of motion for magnetized
D-branes (see e.g., eq. (2.24)), with the substitution F» — F§!. The interpretation of
these off-diagonal terms for the example with non-vanishing p-term (7.26) (given by those
of (4.8)) remain however more obscure from the type IIB viewpoint. Note in particular
that, according to our first dictionary above, the eigenfunctions (4.11) and (4.12) obtained
in the type I side, should correspond to a bound state of winding modes of D7-brane Wilson
lines and moduli. It would be interesting to understand how these eigenstates arise from
the type IIB side of the duality.*°

Finally, let us consider those matter field wavefunctions analyzed in section 6. From
the type IIB side, the exotic W boson wavefunction (6.22) and its generalization to non-
vanishing D-term should arise from a D7-brane winding mode which also feels a difference
on the open string magnetic flux AFy = (Fy' p )°P. Hence, in this picture the total difference
in flux felt by such a D7,-D73 string is given by the gauge invariant quantity

AF = ABlpr + 27/ AFy = 20F§ + 2 (FSP)P = 27 (F) o (7.29)

which is nothing but the open + closed effective flux entering the definition of the wave-
function (6.11) and the more massive modes of this sector. Hence, we find that the open
string wavefunctions obtained in the type I flux vacua studied in this paper fit nicely into
our understanding of the D7-brane wavefunctions physics in the type IIB T-dual setup.

4°In view of the non-commutative nature of (4.8), this could perhaps be naturally explained in terms of
a non-commutative field theory in the internal D7-brane coordinates.
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8 Conclusions and outlook

In this work we have given a concrete prescription for performing dimensional reduction
in flux compactifications. The procedure relies on the observation that in presence of
closed string fluxes it is still possible to define some modified Dirac and Laplace-Beltrami
operators in the internal manifold which account for the effect of the fluxes on the open
string fluctuations. These operators are extracted from the type I supergravity action in
the limit on which closed string fluctuations are frozen and the warping can be neglected.

To analyze the spectrum of eigenmodes of these operators, we have found very helpful
some of the tools of non-commutative harmonic analysis and representation theory, which
we have summarized in section 3.2 and appendix D. This formalism seems to point out
towards a deep connection between the 4d spectrum of massive excitations, symplectic
geometry and 4d gauged supergravity algebras. In particular, we have found that the
spectrum of Kaluza-Klein excitations for neutral and charged modes in a stack of magne-
tized D9-branes is classified by irreducible unitary representations of the Kaloper-Myers
gauge algebra [27].4! Notice that for sectors of the theory which preserve enough number
of supersymmetries, one can in addition consider the global symmetries of the effective
action and compute other massive excitations such as winding modes. Indeed, notice
that the Kaloper-Myers algebra is only a portion of the full N' = 4 gauged supergravity
algebra. It is therefore natural to conjecture that irreducible unitary representations of the
full algebra classify not only Kaluza-Klein modes, but also winding and non-perturbative
modes associated to the N = 4 sectors of the theory. Following this philosophy we
have conjectured the presence of some massive non-perturbative charged modes in the
worldvolume of magnetized D9-branes.

We can extract several conclusions from the results of this paper. First, notice that
generically there is always a set of fields which is insensitive to the background fluxes, and
therefore their wavefunctions are the same than in a fluxless compactification. Moreover,
the on-shell conditions usually ensure that these are the lightest modes in the limit of
diluted fluxes and constant warping, which has two important consequences. On the one
side, the lightest sector is usually not affected by the fluxes, up to possible flux induced
mass terms. On the other, if one considers only this sector of the theory, it is enough to
dimensionally reduce as if being in a fluxless compactification.*?

Thus, we find that fluxes mainly affect the structure of massive Kaluza-Klein replicas.
In particular, for the class of vacua that we have considered, the resulting spectrum can be
understood in terms of Landau degeneracies, mass shifts and mixings induced by the fluxes.
We therefore expect that fluxes change in an important way the threshold corrections to
the 4d low energy effective theory. The computation of gauge threshold corrections in flux
compactifications will be addressed in a future publication [28].

We have also observed that wavefunctions in the presence of closed string fluxes are
not very different from wavefunctions in compactifications with only magnetized branes.
This has been interpreted in the light of open/closed string duality, showing that in

41 A similar observation has been made in [71] in the context of fluxless Calabi-Yau compactifications.
*2The same result was found in [25] for the closed string sector of type ITA AdS4 vacua.
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many cases the closed string fluxes can be interpreted as non diagonal magnetic fluxes in
a dual background.

There are several possible further directions to explore, apart from the ones already
mentioned. For example, it would be interesting to see how the warping fits in this pic-
ture, and in particular to try to combine these results with the ones e.g. in [39]. This is
particularly important for applying these methods in the context of the AdS/CFT corre-
spondence. Some recent applications of wavefunctions in this context include models of
holographic gauge mediation [72], where Kaluza-Klein modes mediate the transmission of
supersymmetry breaking between the hidden and visible sectors, and models for meson
spectroscopy (see [73] for a review and references), where meson resonances are identified
with Kaluza-Klein modes in a dual supergravity theory. We expect that the techniques
introduced here will result useful in these contexts, once they are extended conveniently to
account for the strong warping.

Also, one could similarly consider other vacua different than the no-scale solutions that
we have analyzed. For instance, we could make use of the same methods for dimensionally
reduce type ITA AdS,; compactifications on nearly Kéhler manifolds, in the same spirit
than in [25, 74]. This would be particularly relevant for computing the structure of massive
modes in these backgrounds.

Finally, from the phenomenological point of view, the vacua considered here are not
very appealing, since they are non-chiral. In this sense, it would be desirable to extend this
computation to models including magnetized D5-branes and more realistic matter content.
In particular, the T-duals of the chiral flux compactifications considered in [75] fall into
this class. With that same aim, it would be also desirable to extend these techniques to
general, non-parallelizable SU(3)-structure manifolds.
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A  Fermion conventions

In order to describe explicitly fermionic wavefunctions we take the following representation
for I'-matrices in flat 10d space

TE = A4* 1, @1, @1, '™ =y ® Hm—3 (A.1)
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where p =0, ..., 3, labels the 4d Minkowski coordinates, whose gamma matrices are

0 —I . 0 o
0 2 7 7
= = A2
7 (HQ 0 > 7 <Ui 0) (A4.2)

m =4,...,9 labels the extra R% coordinates
’71201®H2®H2 At =0 @1 ®1;
’3/2 =o03®01 1 ’3/5 = 03 ® 09 ®Iy (A3)
7 = 03®03® 0 3% = o3 @ 03 @ 02

and o; indicate the usual Pauli matrices. The 4d chirality operator is then given by

Iy =70 @Lelel (A4)

where 74y = iv99'9243, and the 10d chirality operator by

I, 0
Fao =@ = | L ® 03 Q03 ® 03 (A.5)
with ) = —i7'3233544536  Finally, in this choice of representation a Majorana matrix
is given by
0
B = I2rirére — ( U UO2> ® 0y Qo @ g9 = By @ By (A.6)
—032

which indeed satisfies the conditions BB* = I and BI'MB* = I'™*  Notice that the 4d
and 6d Majorana matrices By = 727(4) and Bg = 7*5°35 satisfy analogous conditions
BaBj = BsBg =1 and By "B} = v**, Bey"'Bg = —y™*.

In the text we mainly work with 10d Majorana-Weyl spinors of negative chirality,
meaning those spinors 6 satisfying ¢ = —I'(1q)0 = B*6*. In the conventions above this
means that we have spinors of the form

0° = 4" (%) pa—(TN < 0* ) ® X4+ (A.7a)
o2&}

0 = ¢! (%) ® Xt — (V1) < 0* ® Xt (A.7b)
o2&}

@ X——+ (A.7d)

0> = 7 (%) ® X4t +i(P?)* <020§* ) Q@ X—+- (A.Tc)

3 _ 3 [ & T 0
0° = <O>®X++ i(¢) <U2§i

where 1)/ is the spinor wavefunction, (£, 0)! is a 4d spinor of positive chirality and e, cyes
is a basis of 6d spinors of such that

= () (8)e(8) v (a)e(a)o(s)  wo
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etc. Note that these basis elements are eigenstates of the 6d chirality operator (), with
eigenvalues €1eg€3.

Finally, let us recall that to dimensionally reduce a 10d fermionic action, one has to
int, built from T'% and I'2Z,

respectively. However, as these two set of I-matrices do not commute, nor will Pri.s

simultaneously diagonalize two Dirac operators: @gi.s and )

and Iﬂint, and so we need instead to construct these Dirac operators from the alternative

I'-matrices
TE = F(4)Fﬁ = F(4)’yu LI I, fm = F(4)Fm =IL® ,~me3 (AQ)

following the common practice in the literature.

B Warped Dirac equation

Let us consider the 6d Dirac equation deduced in eq. (2.25)

1 1
(4 o728 = 39m7 ) xo = 2/ B (B.1)

where now all slashed quantities are constructed from the set of I'-matrices defined in (A.9).
Let us also consider a compactification ansatz of the form (2.28), where again Z only
depends on the coordinates of the base Bj.
Then, as in [11], the 2-form J splits as J = J1, + Jp,, and we can split F3 accordingly.
Indeed, let us define
e¢/2F;g = e??F3 — 2% 04, (do A Ji1,) (B.2)

so that eq. (B.1) becomes
M 1 b - -
<lD ® + ZBWQF?,g — $anP£2> X6 = Z Ydmy Bsxe (B.3)

where we have introduced the projectors PEQ defined in (2.30). In addition, we have that
the covariant derivative reads

VMs _ g 4B é (00 Z T 0 2) — 1A" (anZ ~T,@Z ~ 1) (B4)

where w? is the spin connection of By, funp is defined by (2.32) and A is a block-diagonal
matrix specified by
Amn = Gmn — 2€7,€an, a € lly (B.5)

Finally, (B.2) implies that

e?PFYE = s, [e¢/2d (e_¢/2JH2) +e 732 <€3¢/2JB4)} (B.6)

and this, if the By base is symplectic, implies that e®/2 l;g =ifJ T, (6)-
We thus obtain a 6d Dirac equation of the form

1 7
(974 0% P =gz (P 0] ) = 2V maii (B
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containing the coupling of fermions to the warping. Note that by taking Z = 1 we recover
the unwarped equation (2.31) used in the main text.

Now, if we normalize the internal spinor as X(EXG = 1, then the warp factor dependence
of the metric ansatz (2.28) will induce a non-standard 4d kinetic terms for y4. In order to
recover a canonical kinetic terms upon dimensional reduction we need instead to consider
the rescaled Weyl fermion

n=2Z""y (B.8)

in terms of which the warped 6d Dirac equation reads
1
(w“2 + Do 3 /P — PIn ZPE?) n = ZY%my Bin* (B.9)

Note that the projector PEQ is basically the chirality projector of the 4d base By. As
in (2.33), let us split 7 as
1n =, + 1B, (B.10)

where PEQnH2 = N, P_EQ np, = 0. We can then split the Dirac equation (B.9) as

11 B — * %
wu\inBzx + lpuv%/Z 1771_12 = m486nB4 (Bll)

I _1 4B 1, _ X
Dy + 27 Dun, + 527 funny = maBgn, (B.12)

where we have extracted the warp factor dependence from the I'-matrices contractions.

Note that a simple set of solutions is obtained by setting nr, = 0, mqs = 0 and
1?347734 = 0, since neither the warp factor nor the fluxes play any role in this case. This
simple zero mode equation does not come as a surprise if one compares eq. (B.9) with the
Dirac equation for D7-branes in type IIB warped Calabi-Yau flux backgrounds. Indeed,
by the results of [39] it is easy to identify the modes 7, in (B.10) as those containing
the gaugino and geometric modulini of a T-dual D7-brane, as well as their KK replicas,
whereas np, are T-dual to the D7-brane Wilsonini.*®> Now, since the Wilson line zero
modes of a D7-brane do not feel the effect of the background fluxes [9, 70] nor that of the
warping [39], the same statement must apply to the open string zero modes arising from
1B, as is indeed the case.

C A non-supersymmetric example

On the main text we have analyzed examples where the closed string background fluxes
preserve at least N’ = 1 supersymmetry in four dimensions. However, as we have treated
bosons and fermions independently, our techniques apply equally well to N’ = 0 vacua of
the theory. To illustrate this fact, in this appendix we apply them to one of such examples,
based on a compactification on the Heisenberg manifold.

Let us then consider the background

ds® = Z71/2(d5%1,3 +dsty,) + Z3/2ds%4 (C.1a)

43In fact, such mapping can be made explicit by simply T-dualizing our type I compactification along
the two fiber coordinates a € Ilz of the elliptic fibration (2.28), as done in section 7.3.
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dshu = (27)° > (Rpdz™) (C.1b)

m=1,2,4,5

dstr, = (27)%[(Rsda®)? + (Reé®)?] (C.1¢)
Fy = —(2n)2Nda* ANda? N &b — g7t spa dZP (C.1d)

e®Z = gy = const. (C.1e)

which is almost identical to (2.46). In the present case, however, é% stands for the left-
invariant 1-form satisfying

dé® = Mdz* A dz® (C.2)

so that Mg is given locally by R x Hs. The twisted derivatives are then

31 = (27TR1)*18x1 34 = (27TR4)71 (8964 + %x‘%@xfs)
A —1 A —1 M 4

82 = (27TR2) 3x2 85 = (27TR5) <3x5 — 7.%' 3x6>
33 = (27TR3)718$3 86 = (27TR6)7181‘6

Finally, the compact structure of Mg is produced by the following identifications which
result from quotienting by I' = I'yy, x Z3

M
:c4—>x4+1 x6—>x6—7x5

M
:c5—>x5+1 x6—>x6+7x4
-t 1 for i # 4,5

In addition, the equations of motion require the conditions R4 R5 = 4772R(2;R1 Ry and gsN =
M, with N, M € Z. This in particular ensures that the first torsion class W;, defined as
JNAQ =W J AJ A J, is non-vanishing and, hence, Mg is not a complex manifold. As the
gravitino mass is proportional to W [11, 35, 65], this reflects the fact that the background
does not preserves any supersymmetry in 4d.

As in our previous examples, in order to cancel the RR charges and tensions, O5-planes
(and maybe also D5-branes) wrapping ITy are required, which again will be introduced via
the orbifold quotient R : ™ +— —z™ on the T base coordinates. To simplify our discussion,
in this section we will assume F5 = 0, although one can easily add the effect of a non-trivial
Fy along the lines of section 6.

C.1 Bosonic wavefunctions

As usual, the wavefunction for the four dimensional neutral gauge bosons is given by the
eigenfunctions of the corresponding Laplace-Beltrami operator of the manifold

OB = —m%B (C.3)

The solutions to this equations can be found using the techniques described in section 3.
More precisely, we find two towers of KK modes associated to the four dimensional gauge
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boson, which in a suitable polarization read
By oo kg ea ks () = exp2mi(kyz' + kox? + kga® + kaa? + ks2®)] (C.4)

for the first tower, with mass eigenvalue

m2, = i <%>2 (C.5)

while for the second tower

B (27 Rslke M| " T 2mi (k1o +hox?+hsad +kazt+kei® )
n,k1,k2,k3,ke n €
ka€d+ke MN

R4V01M6 \/5
(C.6)
with eigenvalue
2 |keel km ?
6 m=1,2,3,6 N
with § =0...kgM — 1, e = M Rg/2n R4 R5 and
ArRy \? M
.5 5 6 _ 6 4.5
= —=————= ky + kgM = — C.8
= (e ) k) 6=t Yt ©8)

Similarly, we can work out the wavefunctions for the four dimensional scalars. Plugging
the background into egs. (2.36)—(2.37) leads to an equation of the form (4.1) where, in
complex coordinates (4.2), the mass matrix now reads

O™ —eds  —%8. 0 0 9.

eds  Omd™ L. 0 0 —£9.

. A . A A X 2 . A . A 2

i€q . iE€qH. m _ g2 _iE i€ e

M= | 202 302 Ond" =% —502 500§ (C.9)
L€ L€ :

0 0 _EA 2 am?m A_6A86 56:2
0 0 T R G L
A 2 A A A 2

€ £ g (23 € S

5852 7851 o5 7832 —5321 3m3m -9

This is a non-commutative eigenvalue problem similar to the one found in section 4.2.
Notice, however, that in the present case the mass matrix is not block diagonal, reflecting
the fact that the background does not preserves the complex structure of 7% and in
particular the complex structure given by the choice (4.2).

As in the supersymmetric case, the eigenvalues and eigenfunctions of (C.9) can be found
we the aid of the commutation relations of the twisted derivatives and the Laplacian, which
in the present case read

[ 21 z2] = [ z1, 22] = €0 [ézlaaEQ] = [ 31,622] = _5é6
[0 0™, 0,1] = [0 0™, 0:1] = €05(0s2 — D,2)
(000, 0,2] = —[0m0™, Os2] = £06(ds1 — D)
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After some work, we find that the resulting spectrum is given by the two eigenvectors

0 21
0 22
&(%) = B(%) 3(Z) = | A B(%) (C.10)
0 0,1
0 ),
1 0
with mass eigenvalues mga = m?B = mQB, the two eigenvectors
28 2 28 2
2 + 2621 — 22 + 2621
0 A A 0 A A
7) = « A 04 — 105)B(T (@) = 04 +105)B(T
&+(@) b+ b (04 —i05) B(Z) {-(7) 621 i (04 +i05) B(T)
0.2 — 0 D2 —ida
0 0
(C.11)

with mass eigenvalues mgi = m% =+ (¢kg/Re), and the two eigenvectors

( 5* — mB)8 2 + 58z166
m2. —m? 831 + 585236
&L B

(2 —mi)? .
i—= 7 4 ieds
. _ e . 5 | Bz C.12
& —(méIE —m%)0z2 + 0,106 () ( )
(mgl —m%)ds1 + £0,205

(mg, —mi)? .
—Z%TB + 1.836

with mass eigenvalue

2
1 ks \? ks \
2 _ 2 2 _ 3
Mgy = 7 e:l:\/e + 4m% 4<R3> ) +<R3> (C.13)

where in all these expressions B(Z) is a gauge boson wavefunction, (C.4)—(C.6), with mass
eigenvalue mp.

C.2 Fermionic wavefunctions

Regarding the fermionic wavefunctions, in this case we have that

1 MRy . _ Rg .
= @2m) ' 551 = ! = eB C.14
/= (27) RiRs ! (2m) RiR, (72 ®01®02 = B (C.14)
and so the Dirac operator reads

i5 321 éz2 AZ3

é 1 0 _3*3 A*Q
D+F = 2. o C.15
+ —8 2 73 0 —0Uz1 ( )

~8,5 —02 0n i
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from which we extract the following mass matrix

" 5 50 e 0
50z O™ a i
D+ D+F) = 277 m A A 3% C.16
(D+E)(D+F) 502 ey Od™ iS50, (C16)
0 —igd,2 50, D0 — <

Since the background does not preserve any supersymmetry, it is natural to expect the
eigenfunctions and eigenvalues of this matrix to be rather different from their bosonic
counterparts. Indeed, after some algebra one can show that the fermionic wavefunctions
are given by the eigenvectors

A A - 2 3.9
’L'E(Tn?p:t + 0.3053) _Za(m‘l"i +0:30;3)

| 205 +id)(mE, —mE) |, ;| 7 20s 0 (mGy —m) |
Uy (7) = 2622 — ib.1) (%, — m3) B(Z) V. (7) = 260 +i0.0) (i, — m) B(Z)
S(m‘QI’:t + 823853) S(M?I,/i + 523353)
(C.17)
with mass eigenvalues
2 ? 2
1 k ek k
2 2 2 3 6 3
=— +4/16 —16(=) —— o C.18
ST \/ mp e (1%3) Re | T <R3> (C.18)
2 ? 2
1 k ek k
2 2 2 3 6 3
;= +4/16 —16 [ = — — C.19
ST \/ mp e <R3> " 3R, +<R3> (C-19)

D The orbit method

In this appendix we summarize the notions of representation theory required for solving
the generalized Dirac and Laplace equations in parallelizable manifolds. More precisely
we consider the orbit method developed mostly by A. Kirillov in the 60’s, applied to
nilmanifolds.** Basically, the method relies the existence of a connection between harmonic
analysis and symplectic geometry. The main objects are the orbits of a coadjoint action,
which we will define in brief. These orbits turn out to be in one to one correspondence
with the irreducible unitary representations of the group.

More precisely, consider a compact nilmanifold given by M = G/T', with G a
nilpotent group and I' a discrete subgroup. For matrix groups, we can introduce the

hermitian product

(A,B) = Tr(AB) (D.1)

for A, B € Mat,,(R). We can then introduce the algebra g*, dual to the Lie algebra of G,
g = Lie(G), through the partition

Mat,(R) = g* @ g (D.2)

4Gee [53] for a more rigorous introduction to the orbit method and its application to general compact
group manifolds, as well as [76] and references therein for earlier applications of this method in the context
of CFT and string theory.
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where

gt ={AeMat,(R) | (4,B) =0V B e g} (D.3)

The coadjoint representation K of g* is then defined as

K(g): g8 —g*,  K(9)F =pg(9Fg™") (D.4)

for g € G and pg- the projector of Mat,(R) onto g*.

The central idea underlying the orbit method then states that there is a one to one
correspondence between the orbits 2 of the coadjoint action K, and the irreducible unitary
representations of g acting on LQ(Rw), given by

ma(g)u(3) = 2T MEDy (5. g) (D.5)

im ©
acting on L2(Rd 2 ). This equation needs some explanation. Here, F' is an arbitrary point

in Q, whereas log h(3,g) represents the Lie algebra element corresponding to the group
element h(3,g). The latter is a solution of the master equation

S(5)g =h(5,9)S(5-g) (D.6)

with S a section G/H — G, and H € G the subgroup corresponding to a subalgebra h € g
of dimension dim h = dim g — %dim 0% such that

(F'[b,b]) =0 (D.7)

Each subalgebra of the right dimension satisfying this equation leads to a different manifold
polarization of the representation associated to an orbit §2, and different polarizations are
related among themselves by generalizations of the Abelian Fourier transform.

In order to illustrate this powerful procedure, in what follows we consider a couple of
examples relevant for the material presented in the main text.

Example 1. Irreducible unitary representations of Hapt1. Consider the 2p + 1
dimensional Heisenberg group. As already mentioned in section 3.1, a suitable matrix
representation for the group is given by (2.44)

1 —%g’t %i“’t z
0 1 0%
G = ’ (D.8)
0 0 1 9
0 0 01
From here the matrix representations for g and g* are easily worked out
0 -1yt 33 2 0 0 00
0 0 0 Z% . —d, 0 0 0
g= . g =1 " (D.9)
0 0 0 g g 0 0 0
00 00 g9- 7. 530

45 A general feature of coadjoint orbits, related to their symplectic structure, is that they are always even
dimensional.
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where g, and g, are p-dimensional vectors. The coadjoint representation then reads

K(G)(gxagyaQZ) = (gm +7 Ges gy -7 g, gz) (D.IO)

Observe that there are only two types of orbits: zero dimensional orbits given by the points
Q. = (ii,7,0) with i and ¥ constant vectors, and two dimensional orbits given by the
hyperplanes Q) = (*, x, \), with A\ # 0.

The irreducible unitary representations associated to zero dimensional orbits, €, ,,
can be worked out very easily. The corresponding subalgebra is (2p + 1)-dimensional, and
therefore it is the full Heisenberg algebra. The master equation becomes trivial, and the

corresponding irreducible unitary representations are given by

omil a* iy
Ty = € mi(g ‘Q#7V79> — e2m(u T+0-7) (Dll)

For the irreducible unitary representations associated to the 2p-dimensional orbits, €2y,

we have to select a p + 1-dimensional subalgebra h such that

(g%lq, » [0,b]) =0 (D.12)

Different choices correspond to different manifold polarizations. Here, for concreteness,
we focus in the subalgebra generated by & = 0 in (D.9). A suitable section in G/H is then

given by
10-150
01 0 ¥
S(3) = D.13
() 00 1 0 ( )
00 0 1
and the solution to the master equation reads
1-370z24357
1
MEo)= |0 oy 2 5og=(7+57,7) (D.14)
0 0 O 1

Plugging into eq. (D.5) we finally get the irreducible unitary representations associated to
the orbits €2

7r>\u(§') _ eQﬂiA[z+ﬂ-§+f~ﬂ/2}u(f+ 5') (D15)

In this way we have rederived the Stone - von Neumann theorem, discussed in eqgs. (3.38)—
(3.39), by means of the orbit method. Let us now consider a more involved example.

Example 2. Irreducible unitary representations of the algebra (2.55). Consider
the nilpotent group associated to the nilmanifold defined by eq. (2.55). Matrix representa-
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tions for the group, the algebra, and the dual algebra, can be easily worked out, resulting in

1 -Mgztgo o Mga® g6
0O 1 00 © 0 a°
o 0o 10 0 0 af
G=10 0 01-Mel Ma? g3
0 0 00 1 0 z?
0 0 00 O 1 2t
0 0 00 0 0 1
0 Mgzl g o Mgz® 46 0 00 0 000
0 0 00 0 0 0 ~3200 0 000
0 0 00 0 0 2t 0 00 0 00O
g=1]0 0 00—l Ma? 3 g7= 0 00 0 000
0 0 00 O 0 a2 0 00 0 000
0O 0 00 0 0 a! ¥ 0032000
0O 0 00 O 0 0 96 95 94 93 92 91 0

The projector into g* is given by

0 0 0 0 0 0 0
A A
- 0 0 0 0 0 0
0 0 0 0 0 0 0
Py<(A) = 0 0 0 0 0 0 0
0 0 0 0 0 0 0
do1 4 42 0 0 Apt 4 am 0 0 0
A Mty e sl g et
From these expressions, the coadjoint representation reads
1 2 1 5 1 1
K(G)(91,92:93, 94,95, 96) = | 91 — 793 M32” — g6 Mez”, g2 + 5 Mzg3z, gs,
4 2 2

1
94, g5 + §M6969617 96>

We observe, therefore, four classes of orbits, one O-dimensional, and three 2-dimensional,

given by
Q“J’vovp = (IIJ" V’ 0? 0-7 p’ 0) (D.16)
Qy’vrap = (*17 M3T*27 Ty W, MGP*27P) (Dl?)
QHMP = (*1,M,O,y, *2,])) (D.18)
Qi = (x1,%2,7, 1, v, 0) (D.19)

with p,r # 0. Proceeding as in the previous example, we arrive to the following set of
irreducible unitary representations

27 1 2 4 5
Tiaap = €20 b o) (D.20)
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Wu,r,pu(sl) _ e27rz'(m;4+m3+pa5)}u(51 + xl) (D.21)

Wu,u,pu(sl) _ e27ri(;¢;p2+u;c4+pae)u(sl + 1,1) (D.22)
Wu,r,uu(sl) _ eQni(ux4+ux5+ra3)u(81 + 1‘1) (D.23)
where
! 21
as = 23 — Msz? <81 + 7) , ag = 25 — Mga® <81 + 7) (D.24)

and for simplicity we have taken the same polarization for all the representations.

E Scalar wavefunction matrix

Let us rewrite egs. (2.36) and (2.37) in matrix notation, and more precisely as

[M + mg I[GXG] V=0 (El)
where
51
2
o € = gh igh, € =g, —ich,
veld|  e=giri =g @2
5*2 63 = é.1?_)[2 + Zé.1(_312 5*3 = é.1?_)12 - Zé.1(_312
5*3
and
A Am A B
M = 0,0 s + (—BT A*) (E.3)
with
0 (G5 — (G905 —(G1)h00 — (G1)1,05
A = | (G105 + (G5 0 (G0 + (G iy
(G1)3502 + (G1)1205 —(G1)3,01 — (G4)3201 —a
0 (G305 — (G305 —(G4)3502 — (G1)3,05
B = | (G0 + (G-)%0 0 (G501 + (Gt
(G1)3502 + (G1)3,05 —(G1)500 — (G4)3501 —b
and where
(Gi)pe = fpe 9" Fane (E.4)
is constructed without imposing the on-shell condition (2.9). Finally, we have defined
a= (G+)?2f% + (G+)%§f§2 + (G+)%2ff’g + (G+)§’§f§2 (E.5)
b= (Gi)iafis + (G)Tafls + (G)T0 5 + (G2 ) a1 (E.6)

In general, for non-supersymmetric backgrounds the matrix B is different from zero, re-
flecting the fact that in that case the internal manifold is not complex. In that case,
holomorphic and anti-holomorphic indices label different elements in a complex basis of
1-forms. The fact that the internal manifold is not complex manifests in a spectrum of
wavefunctions for which some of the “holomorphic” scalars have different mass eigenvalues
than their “anti-holomorphic” counterparts.
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F General magnetic fluxes and Riemann J-function

As emphasized in [13], in the presence of general magnetic fluxes Fb on a T?", the zero
modes of the Dirac and Laplace operators are given in terms of Riemann ¢-functions,
instead of the more familiar Jacobi J-functions that appear for the factorizable case of a
(T?)" with a magnetic flux Fy = Y, Fp|(72),. As we have seen in the main text, for type
I open string wavefunctions in flux compactifications this non-factorizable case is quite
natural, and in particular for those matter field wavefunctions analyzed in section 6 that
feel closed and open string fluxes simultaneously. The purpose of this appendix is thus to
extend the discussion of [13] on Riemann 9-functions and non-factorizable magnetic fluxes,
in order to accommodate the wavefunctions of section 6 into the general scheme of [13].
See also [17] for some recent similar results on this topic.
Let us then consider a general T%" and a magnetic U(1) flux F, = dA of the form

F, = quijdm'i/\d.%’j (Fl)
ij
where ¢;; € Z and 2' € [0,1] label the T?" coordinates. This means that we can write the

vector potential as

A=r) gjaidd = ri'Qdd (F.2)
ij
with Q' = —Q. Let us now define some complex coordinates in T%" as
Z=E4+Q-7 (F.3)

with E, 77, two n-dimensional real vectors in which we split the components of #. The matrix

Q then splits as
Q& Q&
Q - (F.4)
Qe QM
In practice, computing open string wavefunctions greatly simplifies if the magnetic flux

F5 can be written as a (1,1)-form for some choice of complex structure (F.3). In that case

we can express (F.2) as

A =rlm (?t C dZ) (F.5)
Direct comparison reveals that the matrices C and Q are related as
Q% =ImC (F.6
Q%" = ImCReQ 4+ ReCImQ (F.7)
Q" = ReQ'ReCImQ — Im Q' Re CRe N +
+Re Q' Im CRe 2 + Im Qf Im C Im Q (F.8)

and that Q' = —Q implies C' = C. It turns out that the Dirac and Laplace zero mode
wavefunctions can be easily expressed as Riemann ¥-functions if we also impose the con-
straint Q% = Im C = 0. Indeed, the system (F.6)—(F.8) is then solved by taking

ReC = Q% (Im Q) ! (F.9)
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Q" = Re 0! Q5" — Q5" Re N (F.10)

where we have assumed that Im € is invertible. If we now define the n X n integer matrix
N = ant, we can express the above solution as

ReC = N’ (Im Q) ! (F.11)
—Q" = NRef2 — (NReQ)* (F.12)

In terms of N, the antiholomorphic covariant derivative reads

Do = Fl& (V—id), = (V4+IIN- 2 (@) ) (F.13)

and it is easy to check that it annihilates the wavefunction [13]

ZDJ’N( Q) — N N2 (Im )~ lImz,ﬂl ](N.g;N.Q) (F.14)

0

which is of the form (6.11) up to fiber-dependent phases. The normalization constant is

given by
N = (2"|det(N Im Q)| Vol 2,)/* (F.15)
whereas ¢ stands for the Riemann J-function, defined as
9 {a} Z T (17— ) QU —a) ,27i(7—a) - (F—D) (F.16)

meZL™

with d, b € R™. Under lattice shifts 7 € 7™, ¥ undergoes the transformations

9 |:%:| (]7+ ﬁ, Q) _ 6727rid'-ﬁ -9 |:;_)L,:| (]7’ Q) (Fl?)
9 a 7+ Qi Q) = —imiit Qii—2miii-(F-) al .. Q F.18
g v+ 8n; ) =e : g (Vv ) ( : )
which implies that the wavefunction (F.14) transforms as
WNE 4 7Q) = TNz, Q) (F.19)
w},N(ng Qi Q) = & “(QUEETQTT) 7. Nz Q) (F.20)

provided that Nt; = anj € Z™. Here we have used the fact that N Im {2 is symmetric,
which is implied by (F.9) and that C is Hermitian. The transformations (F.19) and (F.20)
are indeed those of a particle coupled with unit charge to a vector potential (F.2) that
satisfies Q%€ = 0.

The above result, however, does not imply that for any potential (F.2) such that
Q%¢ = 0 for some choice of E, 77, we can find a zero mode wavefunction of the form (F.14).
First, recall that F, = dA should correspond to a (1,1) form for a choice of € compatible
with the 72" metric, and second we should guarantee the convergence of the ¥-function

n (F.14), which requires the positive definiteness condition

N-Im Q>0 (F.21)
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In section 6 we have provided some examples of wavefunctions satisfying all these
constraints for certain families of non-factorizable fluxes Fy on T, more precisely for (6.10)
and (6.30). One can there check that the complex structure Qy is rotated by an SO(2)
matrix U. Let us see how these kind of solutions arise in the context of the above discussion.
For that aim, let us write the 7%" metric as

_ ” €\ _ o zty (OB (dZ
ds* = (d¢! dn)-G-<ﬁ> — (dzt d7") (B()) <d?> (F.22)

with h an hermitian matrix. We then have that

B Reh Re (h - )
G_2<Re(ﬁ.n)t Re(ﬂt-h.ﬁ)> (F.23)

and so we would like to characterize those deformations of €2 that leave h and G invariant.
Note that since h is Hermitian we can write it as h = BB, with B invertible. This allows
to parameterize a deformation of €2 as

Qu=B1.U-B-Q (F.24)
with U an arbitrary matrix. Then we have that
Re (Qu'hQy) = Re (Q'BTUTUBQ) (F.25)

so this term remains invariant if U € U(n). The off-diagonal terms of (F.23), on the other
hand, remain invariant if

Re (B'TUB2) = Re (B'BQ) (F.26)

which, for B real and €2 pure imaginary, is satisfied by simply imposing that U is also real.
Together with the above constraint this implies that U € O(n).

The wavefunctions of section 6 precisely fall in the category of wavefunctions (F.14)
with rotated complex structure Qy. Indeed, note that for the factorized T* metric of
the form (2.46b), € is indeed pure imaginary and so, by the discussion above, U is an
orthogonal matrix. In addition, if we take N definite positive (as we do in the examples
of section 6) we need to constrain U € SO(n) as a requirement for the convergence condi-
tion (F.21). The precise choice of U is then given by the condition that F is a (1,1)-form
for the complex structure Q.

Note, however, that the above setup clashes with the degree of freedom Q" % 0 which
in principle we have for our magnetic flux Fy. Indeed, (F.10) requires that Re Qu # 0
if QM # 0, while ReQyu # 0 is not allowed by a rotation U € SO(n). Hence, at least
naively, the wavefunctions (F.14) apply directly to those magnetic fluxes (F.1) such that
Q¢ = Q" = 0 for some choices of E,ﬁ Note that this is not the case for the flux (6.30)
in the more general situation ks, kg # 0, and this is the reason why in section 6 no explicit
wavefunctions have been provided for such sector of the theory.
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